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\IER TRANSFORMS OF HOLOMORPHIC FUNCTIONS AND APPLICATION TO NEWTON
.RPOLATION SERIES, II

de Roever,

‘RACT

This paper treats a generalization of the Martineau-Ehrenpreis theorem
applies it to the derivation of the Newton interpolation series for the
.est possible class of functions. By means of Fourier transformation the
ineau-Ehrenpreis theorem establishes the isomorphism between analytic
tionals with compact carrier and some space of entire functions. In this
r the analytic functionals are carried by unbounded convex sets with
ect to some class of weightfunctions and its Fourier transforms are no

. . . . n
er entire functions, but they are holomorphic in cones in ¢ .

WORDS & PHRASES: Fourter transformation; analytic functionals carried by
unbounded convex sets; holomorphic functions of several
complex variables; cohomology with bounds; the Martineau-
Ehrenpreis theorem on Fouriertransforms of analytic func—
tionals; Newton interpolation series in several variables

for non-entire functions.
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INTRODUCTION

This paper is the last of two papers dealing with Fourier transforms
holomorphic functions and the Newton interpolation series.

In [10] KIOUSTELIDIS derived the Newton series with the aid of Fourier
nsformation. The advantage of this method against the classical one
uchy's integral formula, NORLUND [13], GELFORD [5]) is that it treats

case of several variables as well. However, his treatment is valid for

ire functions only. The aim of this paper is to show that this restric-
n is not due to the method, but that the method (namely the formalism of
rier transformation) can be extended so as to include all possible non-
ire functions for which the Newton series is valid.

In the first paper [14] the Newton series has been derived for func-
ns, holomorphic in tubular radial domains, of polynomial growth in |Re z]|
of exponential growth in |Im z|. Such functions are the Fourier trans-
ns of tempered distributions with support in unbounded convex sets accord-

to a well known theorem (see [16]) generalizing the theorem of PALEY-
NER-SCHWARTZ., In this case, however, one only uses the real part of the
ain of convergence of the Fourier transformed Newton series. In [10]
USTELIDIS has considered complex compact subsets of this domain using a
ey-Wiener type theorem, namely the theorem of EHRENPREIS [2] and

TINEAU [12] dealing with Fourier transforms of analytic functionals with
>act carrier. These Fourier transforms are entire functions of exponen-
l type in |z| and for such functions the Newton series is derived.

Generalizing the Ehrenpreis—-Martineau theorem the main theorem of this
2ar states that holomorphic functions of exponential type in cones are
Fourier transforms of analytic functionals carried by unbounded convex
s with respect to some class of weightfunctions. One can formulate two
sions of this theorem (based on formula (5.5)(i) and (5.5)(ii) respecti-
y) and surprisingly it turns out that the apparently weaker version (i)
als the stronger version (ii). A particular case of version (i) has
sady been proved by KAWAI in [9]. However, this case cannot be handled
y well in the derivation of the Newton series. Therefore, it still has

se to present the theorem as it is done here.




The proof of the main theorem is very different from the proof in [16]
the similar theorem in part I [14]. In fact the last theorem in 2n vari-
es is used in proving the former in the n-dimensional case. The pattern
the proof is actually the same as that of Ehrenpreis' fundamental prin-
le [3], only here one deals with non-entire functions. While in the
enpreis-Martineau theorem the injectivity of the map F (Fourier trans-
mation) presents no problem, it seems to be the most difficult part of

generalization given here. For this part and for the transition from
sion (i) to version (ii) cohomology with bounds is used.

Together with the theorem on Fourier transforms some other theorems
given dealing with estimates for products of a polynomial matrix with
>lomorphic non-entire vectorfunction similar to the case of entire func-—
1s given by HORMANDER in [7]. These theorems as well as the main theorem
:1f may be useful in other applications, for example if one is interested
solutions of systems of partial differential equations that can be writ-
as boundary values of functions holomorphic in tubular radial domains.

The main theorem yields all the tools for deriving the Newton series
non-entire functions in several variables. Now the domain of convergence
™ is used completely, so that the most general class of functions is
tined for which the Newton series holds. This generalizes the case of one
.able in NORLUND [137.

In section 2 the Ehrenpreis-Martineau theorem is discussed, and section
:scribes how the Newton series can be derived from this theorem as it is
+ by KIOUSTELIDIS in [10]. Section 4 deals with some properties of un-
ded convex sets. Section 5 gives the space of holomorphic functions in
s in C" of exponential type and the space of their Fourier transforms,

h turns out to be the dual of some other space of holomorphic functions.
e spaces are topologized in such a way that they are reflexive and that
ier transformation is an isomorphism. A part of the version (i) of this

orphism is also proved. In section 6 the main theorem of this paper,
version (ii) of this isomorphism, is stated and the problems used to

e the main theorem are formulated. In section 7 these problems are

ed, formulated so as to make them useful in other applications too.

cohomology with bounds is derived and used. Section 8 gives some




1laries and particular cases. Especially those concerned with functions

morphic in tubular radial domains prepare section 9, where the Newton

es is derived for these functions. The appendix deals with the problem

to extend local relations between holomorphic functions to global rela-

8. It uses cohomology as derived from the existence theorems for the

erator given by HORMANDER in [7]. Furthermore special coverings of open
in € are constructed, adapted to the case of non-entire functions.

1ly a short description of Ehrenpreis' fundamental principle is given.

NTIRE FUNCTIONS OF EXPONENTIAL TYPE

This section deals with the relation between an entire function of
nential type and the carrier of its Fourier transform. It contains

ing new, but it is merely a rearrangement of some theorems of [7],

ed in the appendix, in a way to make it suitable for generalization in
ion 5.

Let 2 ¢ € be an open set and let A(Q) be the space of in 2 holomorphic
tions with the topology of uniform convergence on compact subsets K of
lements u of the strong dual A'(Q) of A(Q) are called analytic function—

in . A(Q) with the norm

) £l = sup |£(z)., Kcec @
K
zeK
linear subspace of C(K), the space of continuous functions on the com-
set K. Therefore, in view of the Hahn-Banach theorem and the theorem
iesz, each analytic functional in Q can be represented as a measure in
mpact set K of @2, We say that an analytic functional p in Q is con—

rated on the compact set K of Q, when for all f ¢ A(Q)
|<pu,f£>] < MIIflIK
some positive constant M. In that case u can be represented as a mea-

. . . . n .
in K. Thus every analytic functional p in € can be considered as an

ytic functional in @, where Q is an arbitrary open neighborhood of the




ipact set K p is concentrated on. We denote the space of analytic func-

nals in € concentrated on the compact sets of Q as
n
Al(C).
: ™

wversely, analytic functionals in Q are analytic functionals in ¢” too by

ns of their action on the restrictions to Q of entire functions. This

respondence is 1-1, when @ is a Runge domain (see def. A5), for then

‘n) is dense in A(R2). Hence there is a map of A'(R) onto Aé(cn), which is
when @ is a Runge domain. For example, when n = | one can think of

- € \ {0}; then the map
A'(Q) Aé(c)

surjective, but not injective. Here Aé(c) = A'(C), since by the maximum

nciple for every compact neighborhood K of 0 with boundary K in C \ {0}
2) Iel, = elg,

n £ is entire.
We now give a more rigorous exposition of the foregoing. Let Q be an

n set in €" and K a compact subset of Q. Denote by
A(K)

space of functions holomorphic in a neighborhood of K with the norm

1) and by

A ()

space of functions holomorphic in Q with the same norm., It is clear
t AK(Q) is a linear subspace of A(E) and that both spaces are not Banach
ces. Since we are only interested in their duals, it doesn't matter if

consider these spaces or their completions, the Banach spaces A(K) and




2), respectively, consisting of functions continuous on K and holomor-

: in the interior of K if this is not empty. We denote by
Kees Q

aquence {K 1" of compact subsets of @ with int K < K < int K
m m= m m

1 m+ 1

] © 2 and with 6] Km = ., Then we have the following characterization
m=

che space A(Q)

) = proj lim AK(Q) = proj lim KK(Q) = proj lim A(K) = proj lim A(K).
Kees Kee, Q Kce, Q Kces @

1 KK(Q) and K(ﬁ) are closed linear subspaces of Am(l;K), see [14] B.4 or

], so that according to [14] C.6 and C.7 the maps AK(Q) > AS(Q) and

) > A(S) are compact, S ccK., Thus A(R) is anFS-space (see [14] F.8),

h is nuclear according to [14] G.7. Since KK(Q) is dense in KS(Q), the

. can be represented as

3) A'(Q) = ind lim Aﬁ(ﬂ)

Kee, @
)rding to [14] F.12, However, in general an element of Aﬁ(Q) does not
juely determine an analytic functional in any neighborhood Q' c Q of K.
s is true for distributions: distributions in O with support in K are
y distributions in 0', Kcc 0' c 0. Only when A(R) is dense in AK(Q'),
resentation (2.3) of A'(Q) is the inductive limit of all analytic func-
tals in any open neighborhood Q' of K concentrated on K. So we must find
:quence Kccy Q for which A(im+x) is dense in A(Km), for then A(Q) 1is
se in A(K) (see [14] 1it.[2], 8§26,2.5), thus also in AK(Q') c A(K). In

: case (2,3) can be written as

) A'(Q) = ind lim A'(K)
Kccs Q

inductive limit of analytic functionals concentrated on K. It is not

iible to find such a sequence {Km}:= for all domains Q. Only for pseudo-

1
‘ex domains © we will find one or, actually for domains of holomorphy,




t according to theorem A.3 the domains of holomorphy are just the open
sudoconvex domains.
We define for any compact subset K of Q the set
Ry =1{c | cea, £ < Ifl for all £ e @)} LR < q,
2 (Al), Hence for f ¢ A(Q) we have "f"K = "f"ﬁ’ thus AK(Q) = AK(Q). Q is

lomain of holomorphy, if
.5) KQ cc Q, whenever KccQ,

rording to theorem A.l. In the sequel we will assume that Q is pseudo-
wex expressing that (2.5) is satisfied. Then the restriction map from
() into A(K) exists., According to theorem A.4 AK(Q) is a dense linear

>space of A(K) Hence

6) ZK(Q) = A(R

Q) (2 pseudoconvex).

1s for any sequence Kccs @ ﬁg is the desired sequence satisfying (2.4).

We have obtained that the closure of the space

AQ,(Q) ggi proj lim AK(Q)
Ko, Q'

1als

Q,(Q) = p;ggallm AK(Q) p;géﬁﬁ;m A(K ).
() is a pré—Fg—space, that means its closure is an F§—space. If Q' is
'h that K<y Q' impliesﬁg(x;qﬂ we get AQ,(Q) = A(R); for example AQ(Q)=
.(R); another example is (2.2). However, we will consider cases where
Q) # A(Q).
The strong dual of AQ,(Q) is the LS-space

7) Aé,(Q) = ind 1lim A'(K ),
Kec, Q'




h yields (2.4) when Q' = Q.

. n .
Let Q] c 92 be both pseudoconvex open sets in € ; then the restriction

Ay — AQl (2,) == A@Q,)
continuous. The first map is a surjection from a Fréchet space onto a
Fréchet space and since AK(QZ) is a linear subspace of AK(QI)’ the
nd map is in fact the embedding of the linear subspace AQ](QZ) into

). The transposed maps are the continuous maps

A'(Ql)—+> Aél(ﬂz) C—aA'(Qz),

e the first map is surjective according to the Hahn-Banach theorem and

second map is injective. We always have ﬁQ c RQ , but if
1 2

~

)
[}

~

in view of (2.3), (2.6) and (2.7) we have (see theorem A.7)
v = Al
) A (Ql) AQI(QZ)'

contains a component of

each component of Q for example when both

2 1°
connected, A'(Q]) is dense in A'(QZ), for then A(QZ) = A"(QZ) is mapped

ctively into A(Ql) = A"(Q]). We do not have this in the case of dis-

| € 02; E'(6]) is even a closed

ar subspace of E'(OZ), 61 c O2 and Ol convex (see [14], G.5).

The linear hull L of the following set of entire functions in ¢

utions: E'(Ol) is not dense in E'(Oz), 0

iz-
(e*?° %y n
zeC
anse in A(Qz), when @, is a Runge domain, so this set is dense in

2 .
1z+C

é) too. Indeed, differentiating e with respect to z and setting

), we get iz, so that we can approximate the polynomials by elements




L. Therefore, the map

iz
F: u e Aé (Qz)'vw+ f(z) = <uc,e &S

1

an injective map from Aé (92) into some set of entire functions f.
1

Let HK be the function from €" into IR

H,(z) = sup Im(-z-z), K cc ¢,
K
zeK
have HK = Hch(K)’ where ch(K) is the convex hull of K, see section 4.

'n U is concentrated on K, f = F(u) satisfies

.10) [£(z)| < M exp HK(z).

ice we define the Banach space (see [14] B.4)
Exp(K) = Am(exp—HK(z);cn)

| the LS-space

Exp(?) = ind lim Exp(K)
Kecy

have Ezp(Q) = E;p(ch(ﬂ)) and’ according to [14] G.7 E;p(ﬂ) is nuclear.

Hence F is an injective map from Aé (Qz) into E;p(Q]) when Qz is a
.ge domain. Also F is a bounded map, which follows from (2.10) and the
't that Aé (QZ) being an LS-space is regular, see [14] F.15 and F.16.
ce Aél(QZ) is bornological, F is continuous. We will see that if Q] is
vex, F is surjective and its inverse is continuous too. Convex sets are

ge domains (see [16] 16.11), hence with @, convex (2.8) is satisfied

1
ording to theorem A.6, so that then (2.9) holds.

OREM 2.1. Let Q be a convex domain in C". The map F from A'(Q) into
(Q) given by

F(u) (z) = <uc,e12'¢>, uoe A'(R),




m 1somorphism.

Before proving this theorem we write Aé (QZ) in a different way. We
. introduced the notion of an analytic functional in Q concentrated on
compact set K cc Q and AK(Q) was a linear subspace of C(K). However,
also is a linear subspace of E(R), the space of all C -functions in
¢t =:m2“ with the topology of uniform convergence of all derivatives
ompact subsets. Indeed, all the derivatives of holomorphic functions
‘erge on compact sets of @ when the functions converge. So we can give
the topology induced by E(Q2) and each p € A'(R) can be extended to an

ent of some E'(K). Then u is a distribution with compact support K and

f e A(R) we get

[<u,f>] <M sup HDafHK :
la] <k

auchy's formula yields for all € > 0

1) l<u, £ < M_ el

€
e Ke is a closed e-neighborhood of K in c” with KE cc Q and Meis a posi-
constant depending on e. When (2.11) holds we say that the analytic
tional u in © is carried by K. Thus an analytic functional in Q carried
is concentrated on any. neighborhood of K in Q. Sometimes it is said
u is carried by such a neighborhood, see [15]. An analytic functional
be carried by several compact sets, but it is not true that it is carrie
he intersection of all carriers, unlike the notion of support of a dis-
ution, see [7] 4.5.
We will now describe the topology of A(Q) using the concept of carrier,
dugh this makes the description more complicated. Analytic functionals
entrated on compact sets are easier to describe, but analytic functional

ied by compact sets are easier to handle and are more natural as we will

Let K cc Q be a compact subset of Q. We define the pré-LS-space (this

5 that its closure is an LS-space)




v 12) A (2) = ind lim AK ).
K ev0 €

: closure KK(Q) of AK(Q) does not consist of holomorphic functions in K,

: the closure AK(?) of AK(Q) consists of functions each holomorphic in a

lghborhood of K. AK(Q) consists of all holgmorphic functions in a neigh-

‘hood of K when Q@ is pseudoconvex and K = K_ according to (2.6), for

Q
immple when K is convex. The dual of AR(Q) is the FS-space

. 13) A'(Q) = proj lim A& @ ,
K ev0 €
: space of analytic functionals in Q carried by K. Now Aé (Qz) is the
1
luctive limit of the spaces A'(Q), namely

K

. . . - at _ s . .
ind lim A_(Qz) AQ (Qz) ind 1lim A (92).

KCC,QI K 1 KCC+Q]

leed, each A%(Qz) can be mapped continuously into AﬁE(QZ) and into
(QZ) successively and conversely for all € > 0 each Ak(ﬂz) can be mapped
itinuously into A& (92), thus into A%(Qz), see [14] F.6. In this repre-
itation Aé](Qz) is an LS-space too: a neighborhood of zero in AL(QZ),
it is a neighborhood of zero in some AéE(QZ)’ is mapped into a relatively
ipact set of Aé (92) for any n > 0, K cc S and ¢ small enough, thus into
‘elatively compact set of AL(QZ). This is in contrast with distributions,
:re the inductive limit E'(0) = ind lim E'(K), K ccy 0, is strict, when
nd K are convex, see [14] G.5. ‘

Along the same lines one can see that E;p(Q) can be represented as the

'space
E;p(Q) = ind lim Exp(KO)

Keoy @

Exp(K.) igi proj lim A  (exp(-H (z)—e"z";tn) = proj lim Exp(K ).
0 ev0 ® K ev0 €
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We will now prove theorem 2.1.

F OF THEOREM 2.1. It is clear that F maps A%(Qz) continuously and
ctively into Exp(KO). It is sufficient to prove that F is a surjective
between the Fréchet-spaces A%(Qz) and Exp(KO), for then F—] is continu-
according to the open mapping theorem. When K is convex, this is exactly
rem 4.5.3 of [7] with 9. = €". Thus F is an isomorphism between Aé(c“) =

2
(2) and Exp(R), when Q is convex. [J

Theorem 2.1 is due to EHRENPREIS [2] and MARTINEAU [12]; for polydiscs
theorem can also be found in [15] and [18], where analytic functionals
used concentrated on compact sets. The notion of carrier of an analytic
tional enables us to prove the continuity of F—] by the open mapping
rem. In [7], [15] and [18] e®'% is used instead of eiz.C, but we use
 in view of the the generalization in section 5.
In the sequel we will start with a space of holomorphic functions of
nential growth. Let a(y,x) be a continuous function of z = x+iy on the
sphere of c" = IRzn, such that the following function, which is homo-
ous of degree one, is convex

def y X
4(z) = a(yrp 2.

nat case we call a(y,x) itself convex, see section 4. This function

rmines a convex compact’ set K c C" by
K = {¢ [ g = E+in,-y+E-x+n < d(z), z = x+iy € Cn},

section 4. With this compact set K we denote the space Exp(K) also as
Exp(a) def Exp(K).

function a(y,x)+e on the unit sphere determines the function d(z)+el zl

1
and we have

Exp(a+e) = Exp(KE).




iilarly we denote

Exp(a+0) g Exp (KO) .

We conclude this section with a corollary about the difference between
lytic functionals and distributions expressed in properties of the spaces
their Fourier transforms.

Let a and b be two convex functions with #(y,x) < b(y,x) on ¢® and let
y determine the compact sets K and S, respectively; then K ¢ S, The LS-

ce Kg(ﬂ) is reflexive and it is mapped injectively into KK(Q):

A"(Q) < A"(Q).
S K
ce (see [15], corollary 5 to th.18.1) Aé(ﬂ) is dense in Aé(ﬂ) and since
s an isomorphism Exp(a+0) is dense in Exp(b+0).

In [14] section 2 we have seen that the space of Fourier transforms of
tributions with support in some compact set K] in R" is a closed linear
space of the space of Fourier transforms of distributions with support in
ompact set S] with Kl c Sl. Let us take the example when K] = K and
= S: let K and S be balls in the real part of cn with radius a and b

pectively (a < b). Then a(y,x) becomes alyl and a(z) = allyl, so that we

.o - Iyl el %I X
proj lim A (e (a+e)lyl-clx ;Cn) = Exp(a+0)—§ggigaExp(b+0)
ev0
/ e—a"y" n\ cl d
ind 1im A {—=———;¢") = H(a;¢™) 22552, H(b;c™).
o °°\(1+u 2zl )™ / linear
subspace

difference between these maps is not a consequence of the different
ucture of the spaces Exp and H. For we can make them look similar without
aging them. Namely, it follows from the second map that

-(a+e)lyl
(e (a+e)ly

proj lim ind 1lim A

;mn\ = H(a;mn)
€40 we 2\ (140 z1H™ /
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since the following injections are continuous

- (ave)lyl el x

( —(a+e) Iyl -l xl
A_( ;€™ — ind lim Aw\e ;c“) —
m>e (140 zIH™

(e—(a+n)ﬂyﬂ—nﬂxﬂ;cn)

—>A

€ < n, we get, according to [14] F.6,

/ -(a+e)lyll el xl
4) proj lim ind lim Am\e
ev0 m>o

n
— ; € ) = Exp(a+0)
(140 zl)
It follows from [14] C.3 that H(a;Cn) can be mapped continuously into
a+0). Hence the transposed map between the inverse Fourier transforms

hese spaces, which are reflexive, is continuous:

A (€Y E®E).

K
n) is the space of all real analytic functions on K cc R" in view of
) and the fact that K = K 0’ because K is convex. Actually, every
act set in R" is polynomially convex in mn, see [11]. Since an analytic
tion, that vanishes in an open set in IRn, vanishes, the above map is
ctive. Therefore, the map from H(a;Cn) into Exp(a+0) is dense and this
ies that the distributions with support in a compact set K in R" are
e in the space of analytic functionals carried by K. Even since Exp(a+0)

ense in Exp(b+0), the distributions with support in K are dense in the

[

. . . . n
of analytic functionals carried by the ‘connected compact set S in C ,
e K is any compact subset of S; for example K may consist of only one

t qf S.

iWTON SERIES FOR ENTIRE FUNCTIONS OF EXPONENTIAL TYPE

In this section we derive the Newton interpolation series (see [14])
antire functions of exponential type. The same is treated by KIOUSTELIDIS
10]. However, the form given here yields a stronger result on the con-

:nce and serves as a good introduction to the generalization in section 9.




. n . . n
Each vector h in C determines a convex open set Qh in ¢ by

_h.
1) o =1t | ce ¢, e ™E-1 < 1},

MA 3.1, For all z € € and s ¢ C the sequence

. N .,k
e T () (D
k=0
verges for N » = to el(Z+1Sh)'C in the space A(Qh) regarded as functions

Ce

I0F. The series converges uniformly on compact subsets of Q which is

. convergence of the space A(Qh). u

For h ¢ C" let f be a function in E;p(ﬂh) and let s € €. Then using

orem 2,1 and lemma 3.1 we derive the Newton series

o . N .k
f(z+ish) = <y ,el(Z+1Sh) s = <u ,elz ¢ lim Z (;) (e h C—l) > =
- N+ k=0
N : _ k
= lim ) () <u et > -
N> k=0
2) - Kk
k k- i (z+i .
I e, ] Gkt
k=0 & m=0
o) k- o
k k- . k
D)L ) DTN ferinh) = ] () oy, £(2),
k=0 m=0 k=0
def .
re Aih f(z) == f(z+ih)-f(z), so that
k k k k-m
Ay, £(z) = ) (O)(-1) £ (z+imh) .
ih m
m=0
p belongs to Al(Qh), K cc Qh’ the sequence
K
N k
_h.
DS IO
k=0

) h), hence it converges st¥ong1y in each
(2), thus in A'(2 ). Therefore (3.2) with £(z) = <uc,elz'C

K

verges weakly in each Ak (Q
3

> converges in
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topology of Exp(KO). So we have found that if f satisfies for some

Qh
D) V8 > 0: |f(z)]| < M6 exp(HK(z)+6"z"), zZ € Cn,
series (3.2) converges according to:
Ve >0, V6 >0, 3N (e,6) >N (s), W=2N, Vze c”

N
| £(z+ish) - z (E) A?h f(z)] < € A(s) exp(HK(z)+6”z"),
k=0

e N](s) is determined by (5.1) in [14] and A(s) by (5.4) in [14]. Thus
e is certainly uniform convergence on compact subsets of Gn, which is
convergence given in [10].

_h'C_

There exists a p < 1 with for ¢ ¢ K€ e 1| € p, so that

iz N s -h-z k ¥ s k
|<u_,e L (e =) >] < Coexp(H (2)+elzl) § ()oK,
¢ k=0 © K k=0 K

e the series (3.2) converges absolutely.

We restate the results in

REM 3.1. For h ¢ Cn, s e Cand f € Egp(ﬂh) with Qh given by (3.1) the
m series (3.2) is valid; the series converges absolutely in the topo-
of E§p(Qh) or more precisely (3.2) converges dccording to (3.4) when
tisfies (3.3); the series (3.2) converges uniformly in s on compact
2ts of C.

For a more detailed description of the function HK(z) when K cc @

(IOUSTELIDIS [10] Satz 9, when K is given by (40) and (41).

h’

JNVEX SETS

. . . . n .
In this section we describe how a closed convex set O in R determines

. n* .
ven convex cone C in R and a homogeneous convex function & on C and




it, conversely, C and 3 determine a closed convex set O in R,

A closed convex set O in R" is the intersection of closed halfspaces
. H be the largest collection of halfspaces in R" such that O is the
.ersection of halfspaces H € H. Let y be the unit vector perpendicular t«
. hyperplane 3H bordering a halfspace H ¢ H, in other words y e R™ is
. linear functional which vanishes on the translation of 3H to the origi:
identify the action of a linear functional y on £ € R" with the inner-

duct: <y,&> = y+&. Then the halfspace H can be written as

H (a) = {¢ | -y-£ < a}
hye R™ and a a real number. Thus we have

O cH (a) « H (b) when b 2 a,

y y
t is Hy(a) e H implies Hy(b) e H.
The normals y to 3H vary in a set pr C on the unit sphere S of IRn*,

n H varies in H. For each y € pr C let a(y) be the smallest of all the

bers a with 0 c Hy(a). Thus for each Y, € pr C and each sequence

+ a(yo), there is a sequence Ek € O with
- ° = <
1) Vo8 = 3.s aly).
Let C be the cone in R™" determined by pr C
C=1{y | y#0, ¥ € prc}

h the notation ¥ = y/lyl. Hence any closed convex set O in R" determine

one C in H{Nr and a function a(y) on pr C such that

a(y) 9—2:’2 a(@Mhyl, y e c}.

IN

2) 0={¢ | -y-¢

is clear that for y ¢ C the function

3) Io(y) ggg sup -y*§

£e0
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sfies I (y) < &(y) and that O = {g | -y-¢ < Io(y), y € C}. Since a(y) is

smallest possible function determining the set O, we have
) i(y) = 1,(y), y € C.
The cone C is convex, for
—(ty1+(1—t)y2)-£ = -tyl-é-(l-t)yz-i < tIO(y1)+(l—t)IO(y2)
€ e 0, 0<t <1 and Y sYqy € C, hence
0 c th1+(]_t)y2(t10(yl)+(1-t)IO(y2)).
this it also follows that the function Io(y) is convex, that is
Ly(ty +(=t)yy) < tIy(y)+U-)I,(y,), ¥y, € C.

1g into account (4.4) we find that #(y) is convex, hence continuous and
is bounded from below on pr C.

:C

We say that the continuous function a(y)

is convex, when the function #(y), which is homogeneous of degree

is convex on C.
It
of

is possible that the cone C is contained in a linear subspace of
lower dimension. Thérefore, we consider C in the lowest dimensional
> containing it. Then we speak of the interior int C of C and we show
the open cone int C determines the same convex set O as C. We denote
:losed convex set O determined by a cone C and a convex function a(y)
:C according to (4.2) by 0(aj;C).

It is clear that 0(a3j;C) < O(aj;int C)., Now let EO be a point outside
}), then there is a vector y, € Pr C such that
- . > .
io Y, (yo)

: there is an € > 0 with

-£ .y > a +e,
EO Yo (yo) €




ce a(y) is continuous on pr C, there is a y € pr int C with
Ia(y)—a(yo)l < gf2 and Hy-yoﬂ < e/(ZHgOH).

ce
“8,Y = oy e (ymy ) > aly d+e-e/2 > aky),

s EO ¢ O(az;int C) by (4.2).

So we have found that each closed convex set in IR" determines an open
vex conme C in R (open relatively to a linear subspace of IRn*) and a
vex function a(y) on pr C. Now we will prove that, conversely, each open
vex cone C in IR" and each convex function a on pr C determine a closed
vex set 0 in R" by (4.2) that satisfies (4.4).

Indeed, O is convex and closed being the intersection of closed half-
ces and we only haQe to prove (4.1). Since 3 is convex and C is open, we

find for each ¥, € pr C a linear function on C, say o-y for some vector
with a+*y < 3(y), vy € C and ary, = a(yo). Then the point go = -q ¢ R"
isfies =g,y = oty < d(y) for all y € C, thus &, € 0. Furthermore,

Vo = a-yo = a(yo), hence (4.1) holds. We have also obtained that in
1) we may take a = a(yo) and &k = EO € 0 for all k, when Y, € PT int C.
OLLARY 4.1. Each closed convex set 0 in R" determines an open (with

pect to some Llinear subspace of R™) convex cone Cin R™ and a con-
uous convex function a on pr C by (4.3) such that (4.2) holds. Conversely,
h open convex cone C in R and each convex function a on pr C determine

losed convex set 0(a;C) in R" by (4.2), such that (4.4) is satisfied.

We give some examples. Let C be an open cone in the first quadrant of

€ . . . . 2%
. We consider the function & on some straight line £ n C ¢ IR™ .
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2

the dual cone C* is C* = {g | -y*£ <0, y e C} Cimz.

owing cases with different behaviour of the convex fun * the

dary of 2 n C:

m

is vertical at the boundary of C and the boundary of ( tical—-

irallel to the boundary of C*.




') is not vertical at the boundary of C and outside some compact set K

. boundary of O is parallel to the boundary of C*.

) tends to infinity when y approaches the boundary of C and the distance
ween the boundaries of O and C* increases to infinity.
In cases I and III we say that the function a is vertical at the bound-

of C. In case II, when a is not vertical at the boundary, we may consider
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closed convex set 0' = 0 n K', where K' is a compact set the interior of
h contains K. Then O' is compact, so the cone C' determined by it is
. n* . ..
and the convex function a' on pr R = S determined by O' coincides

a on pr C, that is
) a'(y) = a(y), y e prC.

when & is not vertical at the boundary of C, it can be extended to a
ex homogeneous function &' on the whole of IRn*.

Finally we describe how we can exhaust O by closed convex sets Om not
hing the boundary of O, namely O = Um=l 0m with Om closed convex sets
sfying Om c int 0m+1 c Om+1 cint 0 < R", m=1,2,... . Let {am}:=] be
ncreasing sequence of convex functions on pr C with am(y) < am+](y) <
y) for y ¢ pr C and %ig am(y) = a(y), vy € pr C and moreover, either
e are positive numbers €n with a(y) - am(y) > € ¥ € P C, or all the
tions a are vertical at the boundary of C. Then the sets 0m = O(am;C)
sfy the conditions. When the functions a  are vertical at the boundary
, the boundary of each Om approaches the boundary of 0. Otherwise the
daries of 0In and O have a distance greater than €n°

When C does not contain a straight line (then C* is not contained in a

er linear subspace of R" and conversely) let C, be a sequence of open

k

- n*
N e et ] c pr Ck+1 c Cc IR and

Ck = C., We call Ck a relatively compact open subcone of C and we write

2x subcones of C with pr C, ¢ pr C_ c pr C

* . . . ) n
= C. When C is contained in a linear subspace of R we take open

* . . . * * * *
5 Ck in this subspace with pr Ck > pr Ck+1 D*pr Ck+l > C *azd the cones
re defined by the interior of the duals of Ck: Ck = int(Ck) . Also in
case we call C a relatively compact subcone of C,

k
The functions a+l/k on pr C are also convex and the sets O(a+1/k;Ck)

»f type II. Then
0(a;C) = O O(a+l/k;Ck),

1one of the sets O(a+]/k;Ck) is contained in O(a+1;C).

In the next sections we will regard ¢" as a 2n-dimensional real space




by the identification

. 2
¢ = £+ine€C” < (£,n)eR'xR" = R",

. . . . n*x .
identify the action of an element z in the complex dual space € with

» ordinary product of complex numbers

<2,5> = z*°¢ = 21C1+...+zngn

. we identify ¢™ with IR2n by

z = x+iye€n* <~ (y,x)e]RH*X]Rn* = IRzn*.

. . . 2n*
n regarded as 2n-dimensional real vectors the action of z ¢ IR on

R?n is

Im z-z = (y,x):(&,n) = y-&+x-n.

. . n* C n c s . n*
When C 1s a cone in R the set T = IR + iC 1is a cone in C con-
. . . Ci* . * . .
ning a straight line. The dual cone (T ) is the cone C contained in the
. n . .
ginary subspace of € . Relatively compact subcones, constructed in the

where C, cc C,.

nx .
ve way, are IR+ 1Ck, K

FUNCTIONS OF EXPONENTIAL TYPE HOLOMORPHIC IN CONES

In this section we discuss the space of functions of exponential type,
. . n . .
omorphic in cones in € and the space of their Fourier transforms (some-

les called Fourier-Borel transforms or Fourier—Laplace transforms).

Let C be an open convex cone in Cn, which is identified with IRZn by

x+iye€n <> (y,x)eIRHXBP = IRzn. Let a(z), regarded as a function of

x), be continuous on pr C, such that the function

X

. _ z \ _ (¥
a(z) = | Z" a<m—/ = | (Y,X)" a\" (y’x)“ 4 !] (y’x)“/
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onvex in C. A function f holomorphic in C c ¢” is of exponential type a,
for all € > 0 and § > 0 and for all open relatively compact subcones
c C constants M(e,6,C') exist such that

[£(z)]| < M(e,S,C')ea(z)+€“z", ze C', Nzl > 6.

enote the space of all such functions f by Exp(a+0;C) or sometimes by

and we give this space a topology of an Fg—space by means of

A - Izl
Exp(a+0;C) = proj lim A _(e a(z)+1/kl 2 ;C(k)),
k>0
e C(k) = Ck n{z | Izl > 1/k} and {Ck}:=l is an increasing sequence of

relatively compact subcones of C exhausting C (see section 4). Accordin
14] G.7 this space can also be written as a projective limit of Hilbert
es (Exp(a+0;C) is nuclear).

We will construct a reflexive space A', which is the dual of some

e A of holomorphic functions, such that Exp is the Fourier transform

1

. . t .
. Assume that there is a continuous map F~ from Exp' into the comple-
A of A

Ft. Exp' ~ A

~

the transposed map F is a continuous map between the duals. So, since

is reflexive we get
) F: A" > Exp

. . . t .

since A' is reflexive, F  is the transposed map of F.

In order to get information about A we investigate Exp'. According to
C.3 and F.6 we can write Exp also as the FS-space

Exp(a+0;C) = proj 1lim A O(exp(—é(z)—l/kﬂzﬂ);C(k)),

koo ?

> A 0(M;ﬁ) consists of functions holomorphic in Q and continuous on Q
b




h M|f| < » on Q and with M[f| = 0 at infinity. Hence by [14] B.5 Exp' is
. inductive limit of spaces, whose elements ¢ can be represented as bounded

sures 0(z) in C(k), namely for f ¢ Exp

3) <g,f> = J f(z) exp(~a(z)-1/klzl) do(z)
C(k)
J ldo(z) | < .
C(k)

Next we define the map Ft. Therefore we regard ¢” with elements

(y,x) as the dual IRzn* of some other space IRzn, whose elements are
oted by (&,n) and which is identified with c” by ¢ = &+in. Then
z.¢ = <(y,x),(&,n)>. The cone C c IRzn* and the convex function a(z) on

-~

> determine a closed convex set Q in € = IRzn"by (4.2)

4) Q 22; 2(a;C) ggi {z I Im z-¢z < a(z), z € prC}.

thermore let us introduce the closed convex sets Qk either by

5) (1) Qk = Q(a+l/k;Ck+2)

by

5)(ii) g = Q(a+1/k;C).

both cases @ = N, Q@ . It is easy to see that 12t belongs to Exp if ¢

k=1 'k
ongs to Q. Therefore, we can define the map Ft (5.1) by

5) o ¢ Exp': Ft(c)(g) = <oz,elz.c> for ¢ e Q.

representation (5.3) yields for some k

e—é(z)—]/k"z"

7) 0(z) = FS(o) (g) = f e1Z°C do(z).

C(k)




oth cases (5.5)(i) and (5.5)(ii) ¢ is holomorphic in int Qk and satis-

; there for some K > 0

) l6(z)] < K exp(—ﬁkllkﬂgﬂ), e Q

k’
‘e dk = sin o the minimum distance in radials between pr Ck+1 and pr Ck’
[14] proof of lemma 6.3. Indeed, for
el = C;+] n{z | Izl > —a/6k, a = min (a(z)+1/k)}
Zepr Ck
1ave
D) ~a(z)-1/kl zl +Im~z-¢ < —(a+6kHcH)HzH < —a/k—ékl/kﬂgﬂ

.z € C(k) and the set Qk n U¢ is compact in both cases (5.5)(i) and
) (ii), so that (5.8) follows.

Therefore, we introduce the weightfunctions

1
= = Izl
Mk(c) exp Gk k ch,

it follows from (5.9) that the map Ft given by (5.6) is a bounded,

e continuous, map from Exp' into the LS-space

0) ind lim Am(Mk; int Qk)
ko
oth cases (5.5)(i) and (5.5)(ii), see [14] F.11, F.16 and C.7.
Our aim is to choose such a space A that the map F (5.2) is an iso-
hism. In [14] we have seen that, when the support of a distribution is

ained in all the sets @ it is contained in Q. But when the analytic

k.’
tionals in A' are concentrated om all the sets Qk’ we cannot immediately
lude that they are concentrated on Q2. Therefore, we do not yet know

h of the alternatives (5.5)(i) or (5.5)(ii) we should take.

Now we will define linear subspaces Ai and Aii of (5.10), depending on

)(1) or (5.5)(ii) respectively, such that the map F (5.2) is injective,

2%y the topology of the

act we give the linear hull L of the set {e’ 2eC




10).
Lk be the linear hull of the set
{e'?5}
zeC(k)

ons in g. We provide Lk with the norm

H-Hk = sup Mk(C)l'(C)l
Cer

e it by

AMk;Qk(Lk).

nd A.. are defined as
ii

ARt s _ ) 2L ind linm B o (L),
M;Q k> M

]

is given by (5.5)(i) or (5.5)(ii), respectively. The closure A of

es in an LS-space, namely

A =ind lim A, _ (L),
oo M0, K

spaces are complete (see [14] F.14). A consists of functions each

ic in a neighborhood int Q of Q (compare 2.12). The duals Ai of

k
. of A,. are FS-spaces
i ii

not

' v = 11 '
A' = AM;Q (L) proj lim AMk;Qk (Lk)

k>0

2.13). We only have to check that A is not too small, in other

t (5.1) still holds. By letting o(z) be S§-functions we see that L

ned in the range of F* and when we write (5.7) as a defining
sum", it follows from (5.9) that this sum converges in the topo-

(Lk+1) to ¢(z). Hence Ft (5.1) has dense image, so that

Myy1580Kk+1
s an injective map from Ai and from Aii’ given by (5.12), into Exp.




The definition of F (5.2) as the transposed map of (5.1) yields for
Al

def iz-¢

t
<UC’F (Oz)(C)> = <UC,<OZ,e >> =

1.
Vo € Exp': <GZ’F(UC)(Z)>

iz
= <0 _,<u_,e >>
z C

fubini's theorem, so that F (5.2) may as well be defined as
3 FW@ =<, zec

v (5.6).
Now F is a continuous injective map from Ai and from Aii into Exp.
e Ai can be continuously embedded into Aii’ Ai is a priori larger than
So it is easier to prove that F is also surjective from Ai onto Exp.
‘hat case the inverse map would be continuous according to the open
ing theorem, because Ai and Exp are FS-spaces and F would be an iso-
'hism between Ai and Exp. If we can also prove that F is a surjective
from Aii onto Exp, then A;i too would be isomorphic to Exp, so that
= Ai and Ki = Kii' First we will prove the apparently weaker version
theorem 5.1, of the main result of this paper, namely that F is an
lorphism between Ai and Exp. Then in a next section we investigate the
es Zi and Kii and finally in section 7 we will show that F(Aii) = Exp,
h is the stronger version (ii) of the main theorem of this paper,

rem 6. 1.

REM 5.1. Let a be a convex function on pr C for some open convex cone C
" and let @ and Qk be the closed convex sets in C' determined by (5.4)
(5.5) (1) respectively. Then the map F from ';ﬁ(L) (5.12) into

a+0;C) given by (5.13) <s an <somorphism.

F. We only have to prove the surjectivity of the map F. So given an
Exp, we have to find for each k = 1,2,... a linear functional uk on L

k

£(z) = <uz,elz'€>, z ¢ C(K)




| with

¥, (2> = K sup exp(8 1 12 1o(D)]

cer
0 Ay o (e
Like in the proof of the theorem for entire functions (see HORMANDER
» EHRENPREIS [3]) we try to extend f as a holomorphic function F in 2n
pplex variables v satisfying a certain bound and apply a Paley-Wiener-
wartz type theorem. Precisely, choose an integer k and assume that we
‘e found a function F, of the complex variables v not (vl,vz)emnxcn = Czl

omorphic in IR2n+iC(q) with q > max(k+2,(k+1)/6k+]) that satisfies for

e m

14) IFk(vl,vz)l < Mk(l+"vu)m exp(3(Im v)+1/ql Im i)
Im v € C(q) and

15) F, (z,iz) = f(z) for z € C(q).

n we can apply theorem 9.1 of [14] (remark 9.1 and formula (9.5) or in
t the 5th line from below on page 61, since 1/q < 6k+]/(k+l)), which

s that Fk can be written as

k i\)]-£+i\)2-n .

Fk(v) = <U€,n’ >, Im v € C(k+1)
k k1™ k1™
. 1 1 .
h u e (Sm+n+](a+1/q,Cq)) . This means that for ¢ € S (a+l/q,Cq)
k '
l<ug n,¢(5,n)>! < Ky sup
’ |p|<m+n+1
(€,n)60(a+1/q;Cq)

m+n+1 1 P

(1+1 (&, exp (S, o7 1 (Em) DPe(E,m1.

ntifying IR2n with Cn;(g,n) <> ¢ = &+in, we get, because C(k) < C(k+1),




£(z) = <u§,elz'c>, z € C(K)
k '
|<uc,¢(C)>I < Ko sup
|p|<m+n+1
ceQ(a+1/q;Cq)
m+n+1

1 P )
(1+lzlh) exp(<8k+l e Fzl) D% (z) | <

<K, sup exp(ék%"C") 16(2) |
Ceﬂk

*
k+1 . . .
any ¢ € AMk;Qk(Lk) c S (a+l/q,Cq), since int Q(a+1/q,Cq) c Qk
use q > k+2,

Now we have to find an F, satisfying (5.14) and (5.15). For an arbitra-

k
we will construct a function Fk . that satisfies
b
1 2 m .
6) le’Z(v V)< Mk,l(l+“v“) exp (3 (Im v)+1/21Im vll),Im v € C(q).

construction follows the same pattern of the proof of theorem 4.4.3 of
only here we have to be careful near the boundary of RrR™M+ic.
Since an open domain R"+iB in C" is pseudoconvex (domain of holomorphy
if B is convex (theorem A.2), we will use domains of the form

i ch(C(q)), where ch(C(q)) is the convex hull of C(q). This does not

ge anything, because for all q there is a p with C(q) < ch(C(q)) < C(p).

Let
_ _ .0 _ .0 _0
7) C(q+1)5,j - {(y,x) l X] - Xl’...,xj Xj’ ka xk < (S
. 0 2n
for k = j+l,...,n and (y,x ) € ch(C(gq+1))} « R"",
ch(C(q+1)) = C(q+1)6,n c ... C C(q+l)6,j c ,.. C C(q+])6’0. We can

se § > 0 so small that there exists an integer p > q+1, such that.

8) C(q+1)(S o€ Cc(p).




Let wk be a Cz—function in € between 0 and 1 which is equal to | in
disc with radius 1/2 § and vanishes outside the disc with radius §. We

te the coordinates in € as w = u+iv. Then there is a constant Kk with

oy
’5‘7—7 (W)I < Kk, we C.
us define the (0,1)-form (see appendix section II) y'(w) = 3y/ow(w) dw
let wj = iv!—v%, then dw. = —id;;—dsg. When f is regarded as an element
A (exp(-a(z)-1/2lzl);C(p)) we define the function Fk , @s follows:

b

1 2
Fk’z(v ,V ) = Fk,z(v) =

1 9 [ n 1 2,1 2 2
) f - m . U. 5V . 50eesV.
b W) £ jzll-m=j+l by () 9 Us (07 5v) vy

certain functions U? in n+j complex variables. When Im v ¢ C(q+1),

| wk(wj) vanishes for v] = (Im v], Re v]) ¢ C(p) according to (5.17) and

18), thus Fk . is defined for v € 1R2n+ich(C(q+])). When v2 = ivl, that
b
Vj =0 for j =1,...,n, we get
1 .1 1 1
Fk 2(\) ,iv ) = f(v ) for v € ch(C(q+1)),
b

hat (5.14) is certainly satisfied.
Now we choose the functions U? with a suitable bound such that Fk . is
b

ymorphic, that is such that 5Fk ¢ = 0. We can write Fk . in a different
3 5

, namely let Hg(vl) = f(v]) and let

L, 1 2 2
Hj(v ;v],...,vj) =
~ % 12 2 L. 1.2 2
= wk(wj) Hj_](v ,v],...,vj_l) wj Uj(v ,v],...,vj)
j = 1,...,n successively, then Hl = F . If H, . is holomorphic for
1 1 2 nkyt -4 1 1
;1,..., Imzvn, Im v],...,Im vj_], Belvé,...,Re vn; Re.v%,...,Re Vj—l’
- +j- .
)1,...,Re vj—l) € C(q+l)(S j—lx IR2(J ) ggi Bj—l c ¢™ , which is
3
: for j = 1 by (5.18), then H? is holomorphic in Bj when U? satisfies
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) 2 1 2 2 not &
19 oU. = H. V iV seeesV. ) Y (w.)/w., == g,
) J J_]( 9 ]’ b J_l J J gJ
‘ollows when j = n, that Fk . is holomorphic in Bn = ]R2n+ich(C(q—])) c
) H

is holomorphic in Bj—l’

1
side any neighborhood of zero, w'(wj) = 0 in a neighborhood of zero and

‘M, Since by assumption Hj- l/wj is holomorphic

e
- -3y ,. 1 2. ..=1 =2
3 Y'(w.) = 3 —=(iv.-v.)[-idv.—-dv.] =
ll’(J) 5, ¢ 33 i g
J
2 2 2
= (1 833 gﬁ - _? w_ ) dv] A dv2 = (—i E:% + 1 é:%) dv] A dv2 =0,
i ov. ow. ow we/ 3 ]
J J J J
et ng = 0. Furthermore the domain Bj is convex, thus pseudoconvex.
‘efore we can apply theorem A.10 in order to solve (5.19). As a weight-
'tion we may take (l+"z"2)—3(J~l) exp(-24(z)=-2/2lzll), since a(z)+1/2lzl
. convex function and 1og(1+ﬂz"2) is plurisubharmonic. Write z) =

, 1 1 2 2 1 1 2 .
m Vy,e..,Im 2 Im.vl,...,Im v., Re vj+],...,Re vn) e R°" and v[ij] =

1.9 2 n+j n+j

) ;vl,...,vj) e C and let A(vlLj]) be the Lebesgue measure in C

. by theorem A.10 there exists a solution U? of (5.19) with

2 exp(-2a(z3)-2/21 231

2 . .
f Uy D | s dA(V[§D) <
i J (1oL ey
N
b, o2 exp(=2a(z)-2/21 23 .
< f g oy 2RI ED) g,y 5.
3 J (1+lvLj30%)°"
N
Since élc can be extended to a convex homogeneous function 3d' on IRzn,
(4.5), we get for x,y € C

P

a(x)-a(y) = 22+ 5N -aly) < a(y)+a’ (x-y)-a(y) =

Ix-yla' (x~y) < Alx-yl

also




a(y)-a(x) < lx-yla'(5%) < Alx-yl

K 2(62+16Ki)ﬂM, then
using (a+b)2 < 2(a2+b ), hence

some constant A. We set M = exp(26A+28/2) and C

can estimate H% in terms of H?_]

127Gy < 2,

2 exp(-2a(z3)-2/01 231)

|5 (03 | . A il <
J ] (1+lor 3123
j
_ il N j-1
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IN

c J |H§_l(v[j—1])| dA(w[j-17).

k (+lvfi-171%3G-D
B.
]-1
ze for j=n B = IR2n+ich(C(q+l)), Hﬁ =F 0 v[n] = (v];vz) = v,
bl
= Im v and for j=0 BO c C(p), Hé = f, v[0] = vl =z € Gn, z0 = (y,x) = z,
follows that
) - -2/l
J le Q(V)lz exp (23 (Im v)22§i Im i) AV <
9 ’ 1+l vl 5
R n+ic(q+1)
< CE J If(z)l2 exp(-2a(z)=2/2lzll) dr(z).

c(p)

According to condition HS, (see [14] G.7) we can estimate the sup-norm

2
-he Lz—norm and we find that (5.16) is satisfied with m = 3n, since also

can be written as projective limit of Hilbert spaces. [J

\RK 5.1, If we could choose for all k the functions F satisfying (5.15)

k,2
(5.16) such that F (v) =Fk 2(\)) for ve ]R2n+i C(k;, thus if there is one
9

k+1,8
ztion F2 holomorphic in R "hic satisfying for all k




0) IFi(v)l < Mk(1+"v")m exp(3(Im v)+1/(2+1)IIm vl)
some m and
1) Fg(z,iz) = f(z) for z € C,

F2 would belong to H*(a+l/(2+1);C) and we would have
rem 9.1 [14]

g
Fo(v) = “Hen

u2 € S*(a+1/(2+1);C)'. In that case

f(z) = <u§,elz‘c> for z € C

since 62/2“;" is uniformly continuous on QQ, we get fc
.o (L)
s, O

(0> < K} sup 1+l g™

|p|<m+n+1
ceQ(a+1/(2+1);C)

exp(62+l/(2+

< K, sup exp(§ /elzl) lo(z)l,
[} 2
CéQQ

e QZ is now given by (5.5)(ii). Hence F would be a sur

onto Exp.

ORMULATION OF THE PROBLEMS AND STATEMENT OF THE MAIN R

In this section we reconsider the procedure followed
ion and we formulate the problems to be solved in orde
1 in (5.11) are indeed also given by (5.10), that is t
norphic functions satisfying the growth conditions in

2 Qk is given by (5.5) (i) or (5.5)(ii), respectively.

33

m v ¢ C(k),
ling to
ID¥o (21 <

‘e map from

last

A. and Z..
i 11
ce of all
ts int Qk’
m 5.1 says




t F is surjective from Ai onto Exp, from which it follows that Ft (5.1)

ined by (5.6) is injective. Since A. is reflexive (see (5.11)) the lines

. i

1 of the set {elZ'C}EEQ is dense in Exp(a+0;C). On the other hand when

above problems are solved, we see that the linear hull of the set

z+C
}zeC

lows.

is dense in the space (5.10) and the main result (theorem 6.1)

Anticipating on the results we will get we mean in this section by Ai

Aii the dual A' of the spaces Zi and Kii’ respectively, given by (5.10)

1) A = ind 1lim A, 0050 ),

ko>

re Qk is given in (5.5)(i) or (5.5)(ii), respectively. Then A is an

space. There are also other possibilities of writing Ki as an inductive

it of spaces A?, or Kii as inductive limit of spaces Az. We will choose
. k k _ .

copriate spaces Ai and Az. In the above Ai = Aw(Mk’Qk)'

In the last section we have embedded (a linear subspace, namely (5.11)

A? into the space S*k+1(Qk+]). Roughly we can say that A? consists of

*k+1

se elements ¢ in S (Qk+]) with 5¢ = 0 and that any element u of

2)' that satisfies p = ot Ok for some Oy € (Sk*(Qk)')n, is zero when
‘ricted to AE. Hence the elements of Ai can be identified with the equiv

. * . *
1ce classes of the elements in S (Q)', when two elements in S (Q)' are

.valent if their difference p can be written as py = at o in each

fﬂk)' for some o) € (S*k(Qk)')n. Now we investigate this more precisely.

First we write Ai as inductive limit of spaces having the topology of

:Qk), that 1is A? now is the closed linear subspace of

k not _kx def A m 1
ST =78 (a+]/k,Ck+2) —= proj lim WZ’O 1+l exp(ék-EHgHLQ

m>

iisting of the functions holomorphic in int Qk and C on Qk with the top«

' heredited from Sk. Therefore, according to [15] prop. 35.5(a) the fol-
ng sets can be identified
@' = (5

k,0
(A;)
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according to [15] prop. 35.6 this is also true for the topologies, when
rovide these spaces with the weak” topology and the quotient topology

. respect to the weak ™ topology, respectively:

@H! = (8! :
i‘o o k. 0
(Ai)
On the other hand A? is the kernel of the map 3 = (3/821,...,8/82n)

3: Sk

. (Sk)n ,

. k,0 . * . ky,
hat according to [15] prop. 35.4 (Ai) 1s the weak closure in (S )0 of
t. Since Sk is reflective (it 1is an F§-space), the weak closure of
tis equal to the closure in the strong topology in (Sk)', [15] prop.

. We denote the closure in (Sk)' of the range of the map

38 (P — (s

m 9 So we get

K

aH! = (s} :

t
Im Sk
lly we will obtain isomorphisms also for the strong topologies.
Therefore, we consider this spaces only with the topology of weakly*
erging sequences denoted by (A?)é < and (Sk)é s Since Sk is a Montel
3 3

2 we get
k ] _ k ¥
(s )0’S (S )b’S

2 (Sk)é is the dual of Sk provided with the strong topology. According
14] theorem 9.1 ((9.6) and page 61 Sth line from below) the Fourier

. + . .
sformation F maps (Sk l)é continuously into

g5 = ind lim Hm*(a+1/(k+1);ck,k)
>




m* def

H (a+l/k;Ck,k) ====A°°((1+H\)||)_m exp(=3(Im v)-1/1Im vH);IRZ

i c(k))
F—] maps Hk continuously into SP*(a+1/(k+l);Ck)', when 1/k < Gp/p, henc
o (sP)!.
b 1 2 =4
Let W = (wl,...,wn), where wj = iv.-vy, j = 1,...,n and let WeH be tt

N |
space of Hk consisting of functions f(v) that can be written as

n
f(v) = Z w. g.(v)
SR
J
k .
h gj eH, 3=1,...,n., Then
FIm 5° | < W-ﬁk and F']-w-ﬁk"] c Im 3°
k+1 P

[}

1/(k-1) < Sp/p. Furthermore

w-ﬁk k-1

>
c W-H s

, let fu € W~ﬁk be a Cauchy net converging to f ¢ Hk. Then fa = w-gawitl

(Hk)n, so that fa and hence f vanishes on

v, = {RMic)) n (v | ivJ‘.-vJ? =0, j=1,...,n}.

inclusion follows if we have shown

3LEM 6.1. 4 function f ¢ Hk vanishing on V. can be written as

k
Fv) = Wi, v e BPM+ick-1)
2 Ek'l € (Hk_])n; in particular there is a positive N such that Ek'l €
1+N*(a+1/k;ck_l,k—1), when £ € H" (a+1/k;C k).




In that case we have

. Ky, o . Ky F N
proj lim (Ai)o = proj lim (S) < proj lim (H)
»S b,s / —— s
koo koo =t ke We

Im Bk

re (Hk)S means that Hk is provided with the topology of convergent

uences.
* . . k+1."
Furthermore weakly converging sequences in (Ai ) converge strongly

(A?)' because A? is an LS-space, so that

2

.o Ky _ . g ky, _ ' o
proj lim (Ai)o,s proj lim (Ai)b,s = (Ai)b,s = Ai
k->oo koo
ce the last equality follows from the fact that the topology in the metr
e (namely the FS-space) Ai is determined by convergent sequences. Thus

35 an isomorphism between

2) F: Ai c—5 proj lim (Hk)S .
ko
///;.ﬁk

In case (ii) when Qk is defined by (5.5)(ii) we define S-spaces with
lorms rather than with sup-norms. For, a continuous map from one Hilbert
e into another is weakly compact, so that projective and inductive limi
sequences of Hilbert spaces (called FS*—spaces and DFS*—spaces, respec—
:1ly) are reflexive and they are dual to each other (see [19]). Also we
.y th. 15 of [19], where the isomorphism holds for the strong topo-

.es and not only for the weak " topologies as in [15] prop. 35.6. Hence
lo not have to restrict ourselves to the topology of convergent sequence
.s also applies to case (i)).

Let

m _ . . m .
sy = 1ni+ilm wg((1+ngu) exp &, 1/klzl;0))

let A? be the closed linear subspace S? n A(Qz). In virtue of [19] th. 7
topology of ind 1lim Am(k) with
koo 2

m def m
Ay () = A@)) n WI;((HII;II) exp & 1/klzlh ;)




finer than the topology in A? induced by Sm, but one easily sees that it
also less fine, hence A? is a DFS*—space. Since Zii can also be describe

Lz—norms ([14] G.7) we get

A,. = ind lim A,
11 2
Qo0

ce A = proj lim AT, Although A.. is an LS-space, this fact is not ex-
2 >0 2 11
ssed by the above inductive limit, which is only a weakly compact sequen

sed, a neighborhood of zero in A2 is bounded in A hence relatively

<ly compact in each AT

L+1°?

0+ (m = 0,1,2,...), since A? is reflexive ([15]

>, 36.3), and thus relatively weakly compact in A Therefore,

e+l
.)! = proj 1lim (A )'. However, the projective limit in A  has no nice
i’0 B 2’b %

. . * .
>erties, so we are forced to consider the weak topology in (Aii)'. The

B (Ail 0,8

g converges weakly* in (A%)é S for some m and thus it converges weak-
b b

in each A?(k), k=1,2,... . Since the embedding map from A?(k) into

b

) 1

>logy of (Aii)' is also determined by weakly* converging sequences, henc
! = proi lim (A,)' . Any weakly* converging sequence in
00 70,8

(k+1) is compact according to [14] G.7, the sequence converges strongly
S R .. . m .,
‘Al—l) ([14] E.f), thus 1nm1n%+£1m (Ala] b,s’
. - ' - '
e, namely an FS -space, (AQ_1 b,s (Az_1 b?

Since (A?)' is a Fréchet

SO

. .o . . m, ,
(Aii)b proj lim ind lim (A2 b *
Q>0 >

+1 . .
Now Az ! 1s the kernel of the continuous map

= m+ 1] m,n
am. S2 - (SQ) .

rirtue of [19] th.15 and [15] prop.35.4 we get

+1 +1
(A )" = (s )/ ;
Im St
m

+ = . +
? 1)' of Im 8; equals the weak* closure, since SE !

‘e the closure in (S

‘eflexive.




Let
o= proj lim Hm*(a+l/Z;C ,k)
2 k
k>0
let
* . . m
H2 = ind lim H2 .

m>

1 it follows from [14] th.9.1 (using D.2 instead of G.5) and G.3 that

F e 1™ ana PR o (g™

n case (i) problem 6.1 and the following problem imply that

>m+ ] +N*%

wH < 0 WeHT (a+1/25C, . k+1) 0w (a+1/25C, k) <

2 k k+1?

M
c W-H2 5

e the closures are taken in the corresponding spaces with m+1 instead

and where M > m+1+N,

LEM 6.2. When a function f e A(R2n+ic) in each R2n+ic(k) can be

ten as
f = w.gk for some Ek € (Hm*(a+]/2;ck,k))n,

fously in that case f ¢ HZ), then £ can be written in ]R2n+ic as
f=Wg withge (HZ)H;

wticular E € (HI;+N)n for some positive N independent of f.

+ + . . .
Hence HE l/w-ﬁ2-» Hg/w~ﬁ%-—+ Hg I/W-ﬁg and thus F is an isomorphism

‘en

F: A!. s proj lim ind 1lim H? .
tt g0 m> 3m
W-H2
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Let H:. = i 1im H® and let H: =
e i1 = prOi»wlm , and le ;
(6.2) is equal to the equivalence cl
nents in Hz are equivalent if their
+iC() as £ = W-g, with § e HH?,
al to the equivalence classes in Hzi
nt of their difference f for each 2

hg e EH™
2 2 on
Next we consider the set in R™ +i

ely

V={v]|veR™ic, iv}—v?

v, =V PR2n+iC(k)}.

>k . >% R
ce WeH wvanishes on Vk and W'Hz vanil

s restriction maps I

I1 H%// Sk — Hk v
WeH k

I..: H — H'

11 '3 /;%ﬁ* 2 v

If(v) = f(v},ivl). Here Hklv and H;
k

ctions in Hk or H; to Vk or V with t

pectively. Then the maps I are surje

iable in V there are natural continu

J.: Hk 3 A (exp(-3a(z)-
1 \Y B
k
* . g
J..: H c—5sproj lim A (
11 2 @
\YJ k>

im Hk. Then
of elements
rence f can
ight hand si
two element

written in

e W= (Wl"'

l,0..,n}

n V, we can

the spaces
ology induce
When we reg

jections J

);C(k))

(z)=1/(=D)l

mnd side
two

n each

€S,

.ontin-

ons of

"
s the
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the topologies of

proj lim H | = H:'V and proj lim H|. =H)

e v, e zlv 11’v

me extremely simple, as they both coincide with the one induced by
(a+03;C), compare (2.14), thus H: ,V

* . - .
1i,V 1s an FS-space. Finally we
> obtained

I. J.
) A' cie,prOJ lim H%// +k~——3%+proj lim Hk{V SN Exp(a+0;C)
WeH™ k

k>oo k>

I..

—2L proj 1im ind lim HI; v

) A' Cf;}pIOJ lim ind lim H™
2 =>m
f>00 oo W-H2 f>o0 >
J..
ii
<, Exp(a+0;C).

In theorem 5.1 we have proved that the map J ° I is surjective, hence

s surjective. Remark 5.1 is concerned with the questlon whether J. i ° Iii
urjective. Using the proof of theorem 5.1 we see that indeed J o Iii
hence J are surjective, if the following problem is solved.

LEM 6.3. Let the function fk € Hm*(a+1/2;Ck,k) satisfy for all
1,2,...

(f —f)l = 0.

k+ IV

there exists a function f « H; with for all k = 1,2,...

(f-fk) = 0.

Vi

in that case (5.20) and (5.21) can be satisfied.
Problem 6.1 says that the map Ii is injective. Problem 6.1 as well as

em 6.2 follow from problem 6.4, which says that the map Iii is injective.




*

2 vanishing on V can be written in

BLEM 6.4. A function f ¢ H
f=Wg with g e H)".

The next step is to investigate holomorphic functions vani
set V, but before doing this we give an intuitive interpret
norphisms (6.4) and (6.5) in terms of the last section revea
ciori difference between the spaces (5.11) and (5.10) in ter
tion. In section 5 we have shown that Exp is isomorphic to t
closure (given in (5.11) and here denoted by Ki) of the lin

zeC
}Z€C ~ v’
V)' is isomorphic to Ai and problem 6.3 implies the same fo

.= . . . .. . *
in Ai and 1n this section Exp 1s isomorphic to Hi

us examine what elements of (H*)' yield A or A under Ft def

do not distinguish between cases (i) and (ii) here). Let ¢

elzk.C

¢ (g) = K

c
1

He~18

k

12z, € C and with some constants Cpe If for some o € (H*)'

! . 2
<Gv’e1v Erivoen, o 6 (z)

1 2 .
lck S(v —zk)é(v i

Q

|
o~ 8
Il o~ 8

1 2 .
C § (v zk)ﬁ(v -1zk) =
1 k
S(ivl—vz) Z c
k=1

AV

k

1
8 (\) _zk) s

k

. . . *
3 0 acts on the restrictions of functions in H to V, that

consider an element ¢ ¢ A. If for some o ¢ (H*)'

S T
<0v,elv VL S s

1 we only know that

ivl-g+iv?e
<ov,wje NS = 0, j=1l,.0.,0n,




- >
ce 3j¢ = 0. The exponentials are dense in H*, so that <o,W'H*> = 0, thus

*
g € (H/// +*>' >
WeH

[15] prop.35.5(b). When we have shown that the map I is injective
oblem 6}4), the spaces A (5.11) and A (5.10) coincide and we obtain a
orem similar to theorem 2.1.

V is defined as the simultaneous zero-set of the polynomials v, =
.12 . . . .
ViTV seees WS 1v =V . These polynomials generate a prime ideal in any
nt of a pseudoconvex set Q c Gzn. Therefore, according to Hilbert's
Istellensatz all holomorphic functions f in Q vanishing on V can locally

t is in a neighborhood w of any point in Q, be written as
g L > n
6) f=Ww 8, with g, € Alw)™ ,
appendix (A.18). With the aid of Cartan's theorem B (theorem A 14) it i

sm in the appendix that f ¢ A(Q) satisfying (6.6), satisfies (6.6)

>ally, that is f can be written as
f=Wg withgeA@".

. * A . .
>lem 6.4 asks for functions g ¢ Hz, so 1t 1s the analogue with estimates

he problem treated in the appendix. By (6.6) we can reformulate problem

3JLEM 6.5. If f € H; can locally (that is in a neighborhood w of any poiwm
?C) be written as

-> -> n
£=weg, 8,6 calw ,
| there exists E € (H;)n with £ = W-é.

In the next section we will solve this problem for general polynomial
‘ems P instead of W. Also in that case, a set V can be so defined (see

NPREIS [3]) that a function f vanishing on V can locally be written as




P'g, see theorem A 17. Provided that J is surjective, the isomorphism I
(6.4) and (6.5) is the analogue with estimates of the isomorphism (A 19).
Using (6.6) and the above mentioned problem of the appendix (theorem

5) we car reformulate problem 6.3:

3LEM 6.6. Let the functions fi e Hm*(a+1/2;ck,k) satisfy for all

1,2, .06, ~f, = Weg, in RIM+i C(k), Eke AR 41 C(k))?, then there exists

, , 2z . 2n .
metion fezH; with for all k = 1,2,... f—fk = W-g 1in R™+1 C(k) for
2§, < AR+ c)™.

Also this problem will be solved in the next section for general
momial systems P instead of W. Therefore, Jii is surjective and we have

7ed the main theorem of sections 5, 6 and 7, namely

JREM 6.1. Let a be a convex function on pr C for some open convex cone C
2 and let 9 and 2, be the closed comvex sets in C° determined by (5.4)
(5.5)(ii), respectively. Then the map F from A', the dual of the space
5.1), into Exp(a+0;C) given by

F(u)(z) = <uc,elz'c>, Loe A

m 1somorphism.

We have also shown that Exp is isomorphic to Ai, hence Ki = Zii' Taking
y account theorem 5.1 we can conclude that the linear hull of the set
234
}zeC
Theorem 6.1 is a generalization to non-entire functions of the theorem

'HRENPREIS [2] and MARTINEAU [12] of section 2 which deals with entire

is dense in A (6.1) in both cases (i) and (ii).

:tions as Fourier transforms. A particular case of this theorem with

1) (1) instead of (5.5)(ii) has already been proved by KAWAI in [9].

OMPLETION OF THE PROOFS

In this section we solve problems 6.5 and 6.6. For that purpose cohomol-
with bounds is introduced. The solution requires estimates in the steps
:he proof of a similar statement without bounds in the appendix. We for-

ite the theorems in a more general way making them useful in other
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ylications too.
. n . . .
Let @ be an open pseudoconvex set in € such that there is an increasing

[uence of open pseudoconvex subsets Qk with union © and with

Vk, Je = e(k): Qk(e) c Qk+1

re Qk(e) is the e-neighborhood of @ Moreover, in some theorems we

kl
[uire that there is a continuous plurisubharmonic function o in © with

1) Q. =1z | o(z) < k}.

s is only a special condition on @ ([7], th.2.6.7.ii), if the sets Qk

unbounded.
For example, we may take for Qk suitable e-neighborhoods of each other,
ce the function d(z) = -log 6(z,QC) (here G(Z,QC) is the distance between

Q and the complement of Q) is plurisubharmonic when 9 is pseudoconvex.
. 2n .

show that in some sense also the sets R.n+1C(k) c ¢2n of the last

tion are an example, Therefore, we say that two increasing sequences

}:=] and {Qi}:=l exhausting Q are equivalent if for every k there is an ¢

h Qk c Qé and QL c Ql' Then it is clear that any function on Q that is
nded in some norm on all subsets Qk is also bounded on the subsets QL and

versely.,

(o 0]

MA 7.1. The increasing sequence {R2n+ic(k)} exhausting Q = R%% ic <

k=1
n g equivalent to an increasing sequence {Qk}k=1 satisfying (7.1).
OF. Choose a vector o in C c R?n and a number ¢ > 1 and consider the

erplane H = {y I a*y = c} C'Rzn. Let for each y ¢ C

* C
y =

a-yy

the intersection of the vector y with H. We define a plurisubharmonic

en convex) function x in C by x(y) = d(y*) = -log 6(y*,CC). Then the sets
= {y | x(y) < k}, k = 1,2,..., are relatively compact subcones of C

austing C. Now we set for z = x+iy




0(z) = max(d(y),x(y)),

:h is plurisubharmonic (even convex) and we have

-k

o, = {z | o(z) <k} = {(R™iCl} n {zeq | 6(2,2%) > e %}

k
:e the sequence {Qk}:=l is obviously equivalent to KR2n+iC(k)}:=]. O

Let ¢ be a plurisubharmonic function in Q. In some theorems ¢ will be
1 that for every z ¢ Qk and lz'-zll < e(k)

N »(z")=¢(z) < K

‘e the constant Kk does not depend on z and z', but may depend on k. For
iple the function m log(1+lzl ) + 24(y) + 2/allyl is plurisubharmonic in
+i C and satisfies (7.2) for every sequence {Qk}k 1 equivalent to
“+ic(k)}:=1. Finally let P = (Py), § = 1,ueusb, k= 1,..050, be a
'ix of polynomials.

Then problems 6.5 and 6.6 follow from lemma 7.1 and the next two theo-
;, theorem 7.1(a) and theorem 7.2, respectively. In theorem 7.1 we form-

;e a part (b) with uniform bounds, which we do not need here, but which

be useful in other purposes. Part (b) is derived in the same way as

: (a),

REM 7.1. If £ ¢ AQ)P can locally (that is in a neighborhood w of any

it in Q) be written as
f=Pg, g €AW,
w w

1 there i1s a number N, such that

there 18 a function v e A with £ = Pv and with

( _
| lv(z) |2 E&dizz)—Ndx(z) <oy, ko= 1,2,... ,
(1+1 21 %)

"

when Q = ﬁ Qk satisfies (7.1) and ¢ 18 a plurisubharmonic function in
k=1
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Q such that

r
| 1£(2) 1% exp-0(z) dr(z) < @, Kk =1,2,... .

e

For all k = 1,2,... there are constants K integers 2, 2k and functions

v, € A(Qk)q with f = Pv

K in Q. and with

k k

- [

| @1 22D g6y <k [ 1812 expmota) arco),
k 1+ 21 HN

Q Q

k lk

vhen the right hand side is finite for some plurisubharmonic function ¢.

art (b) the pseudoconvex subsets Qk of @ do not have to satisfy (7.1).

o) _ . . _ _
REM 7.2, If fk € A(Qk) s k= 1,2,..., are functions with fk+l fk ng
> 8 € A(Qk)q, then there are a number N and a function f e A(Q)p with
= Pg in Q, B e A(Qk)q, and with

dr(z) < o, k=1,2,...

9

2 _exp=¢(z)
f HOTREC =i

(141 21%)
"

Q= kﬁl 2 satisfies (7.1) and ¢ is a plurisubharmonic function satis-—
7 (7.2) such that

J 1£,(2) 1% expmo(2) dA(z) <=, k=1,2,... .
L

£(2) 1% means £ (2)1% + ... + £ (2)1° when £ = (£p5eeenf) € AP
.(z) denotes the Lebesgue measure in Cn.

First we need similar theorems as theorem Al3 and Castan's theorem B,
‘em A 14, but now with estimates. Let U(A) = {Uix)}iel s A =0,1,2,...
1e coverings of Q given in the appendix section V satiéfying properties

(1), (i1), (ii1), (iv), (v) and (vi) and let for every k u£”> -
M) n Qk}ieIA be the corresponding coverings of Qk. When F is an analytic
" on 2, we denote by Cp[U(A),F,¢] the set of alternating cochains

p+l
}\ 3

cs} in @, s e I cg € F(Uék),F), satisfying for all k

HCUZ K ggi ] Iz | j Ics(z)l2 exp—¢(z) dr(z) < »
? s |=p+

)
US an




by Cp(Uéx),F,¢) the set of all alternating cochains c¢ in Qk with

i,k < », By ¢N we will mean the plurisubharmonic function ¢N(z) = ¢(z) +
log(1+lzl %),

Lemma 7.2 will be obtained in the same way as theorem A 13, only we
:e down explicitely the construction of the map §* (A10), so that we
bring estimates in the statements involving §*. We do not work with the
if £ of germs of Cm—functions, but rather with the sheaf L of germs of
111y square integrable functions. Then we may use theorem Al10 instead of
rem A 9. So let Lq be the sheaf of germs of (0,q)-forms with locally
ire integrable coefficients and let Zq be the subsheaf of 3-closed forms
:ype (0,q). Again we have a part (a) with globally defined functions on

id a part (b) with functions in @, and uniform bounds.

k

A 7.2.

Every cochain c in Cp[U(A),A,¢], p =21, with 6c = 0 can be written as
c =868c' for ac' e Cp_][u(k),A,¢2m], where m = min(p,n), when {Qk}:=l
satisfies (7.1).

For all k every cochain c in Cp[U(A),A,¢], p 21, with §c = 0 can be

' ¢ Cp_](UéA),A,¢2m) such that for some

written in Q, as c = 5Cﬂ for a Cr

k
constants Kk

el < el
kg, k= fk S o5k

where m = min(p,n). Also for fixed kevery cocycle c ¢ cp(uék),A,¢)
satisfies the above property (b) for this k.

)F. A section c ¢ F(Q,LO) with 3c = 0 determines a holomorphic function
A(R) (this follows by repeated use of lemma 4.2.4 in [7]). For c €
)[U(A),Zq,¢] with 8c = 0 we want to find a c' ¢ Cp_][U(A),Zq,¢2m] such

: 8c' = ¢, when q = 0 or in part (b) cochains CL € Cp_l(Uék),Zq,¢2m) such
: 6CL c in Qk. We assume that this has already been proved for smaller
tes of p and all q, when p > 1, m = p and when the constants Kk in part

depend on p.

First we give estimates in the construction of g in theorem Al2., For

(2) (

1 k we choose & = 2(k) such that, when Ui n Qk # 0, Uix) c Qz according
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sroperty (A15)(iii). Since also all sets in U(A) contained in Q, have

k
nimum size (say they contain a ball with radius ek(A)), we can construct
rtition {¢V}w=

v=1 of unity subordinate to the covering U(A) of Q (¢v'hasits
ort in ng)), such that for all k
v

) mgx!%v(z)lz X

those v with UEA) n Qk # 0. Here
v

=}

= 2 N 2
[9¢(2) 17 = ) 19.9(2)|".
2 j
J
For example let for each v ¢ IA+I X, be a C -function equal to one in
) and to zero outside the ¢ (A

. 1) .
Q(kv)(x+]) neighborhood of Uv (which

QIL(k )
v

It})
Yo (v)

yd
/

figure 7.1.

. . . N 00 B =
ainly 1is contained in Up(v) with p = OA,A+1’ because of property (Al5)

» Where kv is the smallest integer k with Ué?i)
) =

5 (v) n(?&}f @ mgxlaxv(z)] depends on
)(A+1),...,€Z(k)(k+l). Since U

n Qk # P, see figure
Then for those v with U

is a covering of @,




6 (2) = =", vo=1,2,...

e

t partition of unity subordinate to the covering with iv = p(v),

: satisfies (7.3). Note that for each z not more than M terms in the

minator differ from zero because of property (A15)(ii).

P

As in the proof of theorem Al2 we set for s ¢ IA

g =L ¢ c. ,
] v 'V o1s

L C e Cp[U(A),Zq,¢]. Then as in theorem Al2 g ¢ CP_I(U(A),Lq) and g = c,
'c = 0. Furthermore writing ¢V = V¢v'v¢v and using g ¢v = 1 we find

g, ()17 expy(z) dr(z) 2L gl | <
0

Us k

<2 [ ¢,(2) Icivs(Z)I2 exp-y(z) dr(z) <

2
e, |
é Cle Y,k

IN

all plurisubharmonic functions y for which the right-hand side is finite.

e not more than MA A+1(k) different v's are mapped by p onto the same i,
3
. UEA) n Qk # @, (property (Al15)(vi), we get by summing up
2 2
I cl .
Ngﬂw,k < MA,A+1(k) C‘w,k

Let gg = f be the cochain in CP—I(U(A),Zq+1) defined by
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2 ) = 2
ll < {zl . .
Hfs ¢’k‘<{€la¢vAcleH¢’k} <<Nk €"a¢vAclvs"¢,k
re at most N(A) terms in the sum are different from zero, when U(A) n
(2) X)
# 1) accordlng to property (A15)(iv). If US n Qk # @, then US c Qz(ky

that for all 1 € 1

with U(A) n U(A)# ]

A
)
u:mon Ql(k) #0.
ze using (7.3) in the above estimate we get with K' = C N(A)M (k)
: . K = CaoM M
2 2
£l < K'llel
o ® Kk
Now &f = gdg =3c =0. If p > 1, by the inductive hypothesis of case
we can find a cochain f' ¢ Cp_2 U(A) Zq+l’¢2 2] with 8f' = f and by
inductive hypothesis of case (b) we can find cochains f'
=2, (X)) { -
(U Zq+1’¢2p—2) with Gfk = f in Qk and with
2 2
£ < K"l £1
K og pok = K0,k
some constants Kﬁ depending on k. By theorem A0 and property (A15) (i)
p-l X ' ) S(ol = '
'every s € IA we can find (g )s € I‘(US ,Lq) ;o that 3 (g )S (f )S in
and
lg'y 12 <) 112
'y s by o
2p P
since the sets @, are pseudoconvex, theorem A10 yields (g')
ey K ) ks
US in U and

n Qk,Lq), such that a(gk)s . (fk)

k

2
(g I N(f ) 12
k7s dJ2p S 0opmd’
. p_] = 1 (A) ] p_l -
e {(g' %s LA? eIy '} =g 2ty ’Lq’¢2p] and {(gk)S | s € I '}
Flnally put c g—ég' and ci = g—égé, then for all k




2 2 (A)
Igl Ilg
,k ¢2p,k Pl ¢2

IN
IA

et

2p P

+ pNéA)"f'HZ < w

)l el 2 .

M
Ao A+ bopok 2p=2°

IN

for some constants Kk

IA

2 )y oyn2 2
1 ()l el 2 + N Mg <k lel? .
k oy K M+ 6yprk K gpmg K Koy x

‘hermore Sc' = §g ¢ and 3c' = f- 6§g = f-6f' = f-f = 0, hence
- cP” IEU(A) Z ,¢2 ] and also Sck = §g = ¢ and Bck = f—éggé = f—dfi =
£ =0 in Qk’ hence Ck e cP” I(U(A) Z ,¢2 ).

It remains to consider the case p = 1. The fact that 6f = 0 then means
: £ defines uniquely a (0,q+!)-form f in Q with 3f = 0. In case (a) we
ot immediately apply theorem A10, but we need a modification, where the
:grals are performed in the sets Qk. Assume that this may be done. Then

r‘an find § ¢ F(Q,Lq) with 3% = £ and for all k

J 8(2) 17 2225 gy () <

2.2
o (1+1 21 %)

ase (b) we use theorem Al0 and obtain (0,q)-forms gk € Y(Qk,Lq) in Qk
: ng = flﬂk and

[ g2 222 o) [ 151 expmpr) anco.

J (141 212)2 d
k k
ing
" = - [ = =
(e )s 8578 and (Ck)s gs N
v k

s € IA’ we obtain cochains with the required properties (using (A15)(ii)
he estimates for §).
In fact we only have n induction steps, since all (0,n)-forms g satisfy
0. Therefore, the estimates hold already when p is replaced by
p,n) and the constants Kk in part (b) may be taken independent of p.

We only have to prove the modification of theorem A10. [J
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A 7.3. Let Q be an open pseudoconvex set, let {Qk}k i be an increasing
ence of subsets of Q satisfying (7.1) and let ¢ be a plurisubharmonic
tion in Q. For every (0,q+1)-form g with locally square integrable
ficients and with 3g = 0, there is a (0,q)-form u in Q with locally

re integrable coefficients, such that du = g and for all k

J Iu(Z)l2 _S§229§§2§ dir(z) < =
(14121 %)
O

tded that for each k

[ 1817 exmome(2) a1 < =

O

F. Let x be a convex majorant of the nonnegative function ¥

0 forac<1,
x(a) = { K 9
max{0,log[2 J lg(z)|” exp=¢(z) dr(z)]1} fork <a<k+l,

Qk+1\Qk
1,2,... » Then Y (z) def

x(0(z)) is plurisubharmonic in Q, so that we may

y theorem AIQ0 in the domain @ with the plurisubharmonic function ¢+y.

yields a (0,q)-form u in Q with 3u = g and with for each k

luz) 12 S22 gy () ¢ X ) J lu(z) |2 E2p0(2)0(2)) 4,y o

(141 212y 2 (1+1212)2
Qk
( f
oX (k) J lu(z) |2 exp (- ¢(Z)2w§z)) dx(z):;eX(k)J Ig(z)lzeXP(*¢(z)—w(z»dA(z)
o (141 21%) )
r o)
4 ( ) * Z [ ) 8(2) |7 exp(=4(2)-1(2)) dA(z) <
) Qk+l\Qk 3
x(k)[ [ 8(2) 1% exp=4(2) dr(z) + ) Lk] < o .
Q k=1 2

K 7.1. In general lemma 7.3 is not true, if we consider different

1tfunctions ¢k in the sets Qk, or in the same set . For example assume




t 5g = 0 and that for every k

0 J 18(2)1% exp(=4(2)-1/Klzl) dr(z) < =,
O
ce Qk c Qk+1 c Q or Qk = Q for all k. Then it 1is not true that there is

>rm u in © with du = g and with for all k

2 exp(=¢(z)-1/klzl)

(141 21 22

3) J lu(z) | di(z) < o,

U

if this were true, using theorem 4.4.2 of [7] as in section 5, we could

:nd the entire function
f(z) = § el/C elz'c dg

.1 . .
; satisfying

|
[£(z)] < 2¢ e]/e eguz| for all € > 0

. . . 2 . .
in entire function F in €~ satisfying

F(z,iz) = f(2)

IF(vl,vz)] < KE(1+"v")m eE“Im vl for all € > 0,

then according to VLADIMIROV [16] 29.1 F is a polynomial, hence f would

 polynomial, that is

k a. ..
f£(z) = ) § A 1<
j=0 /¢
some k and constants aj contradicting the definition of f,
In [9] KAWAI has shown that for each (0,q+1)-form g with Sg =0
sfying (7.4) there does exist a (0,q)-form u with du = g in @ satisfying

), when Q satisfies

sup IIm zll < K < =
zefd




some constant K.

Next we derive Cartan's theorem B with bounds. Let F be either the
af of relations of P on Q, thus F = RP or the image under P of the sheaf
thus F = PAq, see (A5) and (A6).

1A 7.4. Let the plurisubharmonic function ¢ in the pseudoconvex open

Q satisfy (7.2). There is a positive integer N (depending on P), such
> for all X there is a u > X with the following properties

when moreover the subsets Qk of Q satisfy (7.1), every cochain

f e Cp[U(A),F,¢] with 8£ = 0, p = 1, can be written as S&f' = p; uf for
some ' ¢ Cp_l[u(“),F,¢N]; ’

for all k there are integers zk > k and constants K, ., such that every

ALk

cochain f ¢ Cp[u(x),F,¢] with 8£ = 0, p 2 1, for all k can be written
v % . , ' p-1,,,(n) ,

as dfk px’uf n 9 with fk e C (Uk ,F,¢N) and with

el <K £l .
Koysk © Ak 0,0
F. First we change theorem Al6 into a formulation with Lz—estimates. Let
w+z be so that U n Qk # 0 and V = (t+1) w+z c Qz for some 2 2= k, where
s the enlargement of w by a factor t with respect to some center in w.
V contains some e-neighborhood of tw+z, where e depends on the size of
.. . 2 _ _ 2
he condition HS1 ([14] G.7 with Mp = exp=dy, » Qp = Qm = U and gm
p_¢N+m+(n+1)/2) and by .(7.2) the condition H82 ([147 G.7 with Mp =
p—¢m, Qp =V and Mm = exp—¢m, Qm = tw+z and with dz = g) are satis-

. Hence instead of (Al4) we get

2 exp—¢ (w) exp-3¢ (w)
[v(w) | dA(w) <C, sup |v(w)| ——2—— <
IJJ (1411 2y N+ (1) /2 I weu (141l yFFm
N
=lo(w) [1+lzl
< C,C sup [P(w)u(w)]| exXpa¢ ( ) <
! we tw+z (1+lwl)™ T+l

N

IA

-1
CIC<1+supUgH>N sup |P(w)u(w)| 2B 20 (w) <
Cetw we tw+z (1+lwl )™

IA

c, | IPeouen | SEEE gy,
v (1+lwl 5™




- + < +
¢N+m(w) ¢N+m(v) some constant for w e U and v € tw+z

m

|2) and

lows by repeated use of (7.2) and since the estimates with (I1+lwl
Iwﬂ)2 are equivalent and lv (w)l+...+|v (w)| =< /E |v(w)| when

1° C and C2 do not depend on z,
depends moreover on €, in fact C

(Vl,...,V ) € A(U)q. The constants C

eapends on the size of w and C2 ~e ™

e [18], proof of HSZ)’ but ¢ depends on the size of w.

2

For p 2 M (see (A15)(ii)) the theorem is true, since there are no
-zero cochains f ¢ CM[U(A),F,¢]. Thus assume that the theorem has been
ved for all P when p is replaced by p+1 and when the constants N and
in part (b) the constants £ and K depend on p.

In case F = P there is a polynomial matrix Q, such that F = QA" by
) and according to theorem All we can write f ¢ Cp[U(U) F,0] as f Qg
‘e g e Cp(U(U) AY). In case F = PA? we write Q = P and r = q, then alsoS
Qg with g € Cp(U(U) AT) accordlng)to theorem Al5, Leg ; > u+210g(t+1),
( u

is contained in U

(v)

1 for every i ¢ I (t+1) times U. v(i)? where t is

1 that (7.6) may be applied with U = U and V = U(“) ( y From theorem 4
(7.6) we obtain a cochaln g e Cp(U(v) AT) with Q, = Qgs, = f_, where
=0, (s), hence p ,f = Q8. When U(v) ne = 9, then UéE) cQ

’ ’
> (k) (property (A15)(iii)), so that (7.6) yields

% (k) for

) f 2
J Igsl exp ¢N]+m dx < Ck,p J Ifs,l exp ¢m dx
(v) (W)
v,V ne, vl

some N, and all m. The constant Ck u depends on the smallest and the

1
jest size of the sets U( v) with U(v) n Q # @ and this depends on k and

ut v depends on u; C does not depend on s. Since not more than a

k,u

ite number of different s are mapped by PLv onto the same s' (property
3

5)(vi)), we get by summing up

2 Izl <ct £l , k=1,2,... .
¢N1+m’ k’u ¢m"q’(k)
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Thus § e cp[u(v),Ar,¢N]+m]. When 8f = 0, 6Qg = Q8§ = 0, whence together
with (A15)(iv) it follows that 8% = ¢ is a cocycle in Cp+][U(v),Rq,¢Nl+m].
By the inductive hypothesis of case (a) we can find u' > v, N, and
|
a cochain c' € Cp[U(U ),R ) 1 with 8c' = p* y¢ in @ and by the in-
Q" "Ny +N;+m V,u
ductive hypothesis of case (b)'we can find moreover constants &, > k, KC

(u") k >k
and cochains CL € Cp(Uk ,R

1¢ in Q and with

. y o %
m) with 6ck p\),u K

> !
Q N2+l\]+

el < K" I cl .

k ¢N2+N]+m’k v,k ¢N]+m’2k

* o Pr(n') 4T _
\),U'g -c' e C°LU A ’¢N2+N]+m]’ so that égo =

* *
V,u':-ov,u.c =0, and g = N
6gk = Py,urC = 0 in Qk. According to lemma 7.2 (a) and (b) there are

-7 ! T . -1 ! r .
g' € CP ‘[U(u ),A ,¢N] with 8g' = g, and gé e cP (UIEu ),A ,¢N) with 6g£ =

We put 8y = P
*

=p ,g—cﬂ € Cp(U£U'),Ar,¢N2+N1+m) so that

= 8 in Qk’ respectively, where N = N2+N]+m+2 min(n,p) and with moreover

gl <K lgl )
K g,k Ke "8 ¢N2+N1+m’k

_ v
Finally we put f' = Qg' ¢ cP ][U(u ),F,¢N3+N] and fé = Qgi €
-1 ! . .
e cP (U}((u )’F’¢N3+N) with N3 depending on Q. Then

SE' = 08" = =* 5 = oF * o=
Qdg Qg ov’u.Qg ot P, S
in @ and similarly 6fL = p: u,f in Qk. Furthermore for all m and u we get
3
1
e <K' g | < k"ML @P gl +
T T R by sy +moK
. 3 2™ 2™
+ K" el } <
Vs ¢N +m’£k
1
+1 (v)
< KMM L )PTHRY | (pr2) NVVY gl <K, gl ,
Kk V,Hu v,k Qk ¢N]+m’2k U,k ¢m,2
where & = Q(Qk) depends on Qk according to (7.7) and where Ku K is a constant
3

depending on k,v and u', but p' depends on v, Qk depends on k and v depends

on u; N3 depends on Q, N2 on p by the inductive hypothesis and N, on P, but

1




apends on P,

Hence the lemma is proved when N, p and in part (b)
and on p. But there are only finitely many induction s
take the largest N, p, £ and K. We start the inductio
X and m = 0. Therefore, the lemma is true for all p w
pending on P), u (depending on 1) and in part (b) & (d
lepending on A and k). [

Now we are able to prove theorems 7.1 and 7.2,

JF OF THEOREM 7.1. It follows from theorem Al15 that fo

take f = Pgs in U(O) € U(O) with g € A(Uéo))q. As in

S
we set v 2 210g(t+1), so that (t+1) times Uiv)

As in (7.7) we can fin
(v)

S

is con

s ¢ I , where s' = sel

3 (v)v p0,\) 0°
[u ,Aq,¢N]] with Pg_ = £ in U

(7.7)

for all s € Iv and

2

3) Jr Igéz)l ﬂp—'%z{r]—dx(z)s J £(z) 2 e
(1+0 2zl 4)

Uév)nQ Uéo)

(0),Ap,¢]. Consid

v) fo
s
8g. Since not more than a finite number of different

re £ is regarded as a cocycle in Co[U

£ the functions g, in the overlaps of the sets U
, onto the same s', there are constants C% with

r
"C"¢N R 1£(2) 1% exp-6(z) dA(z) .
1 Qﬁ(m)

1 Pc = P§g = 8§f = 0 and also 6c = 0, hence ¢ is a cocy
J(V),RP,¢N ]. According to lemma 7.4(a) there are v >
1

3) et e Ctu™ R 000,

. * . .

ce N = N]+N2, with &c' = oy uc in © and according to 1
b

moreover constants Kk (also depending on v), integers
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) and cochains cé € CO(UéU),RP,¢N) with éci = p:,uc in Qk and with

) Hc Kk Uc" - < Kk C; f If(z)l2 exp—-¢(z) dr(z) ,

] 92

e £ >m > k depends on k.

Finally for all s ¢ I we put v (z) = g ,(z)—c'(z) for z ¢ U(U) with

Py,us which by (A9) deflnes a functlon vV € A(Q)q because {v ] s e I#}e
(U(“) Aq) and 6v = * uég—p: y = 0. Furthermore for all k
’ 5

f lv(z)|? £Xp=(z)

2\N

dr(z) < vl < o
(141 21 %) Oy

k

o

7.7) and (7.9). Similarly, for each k (V ) (z) = g (2)= (c ) (z) for
JéU) n Qk defines a function v, € A(Q fland there are constants Kk and
k with

[
f @)1 * SR @)y <k [ 1£G) 17 expra(z) a2
q (1+0 2l %) a

k Rk

’.8) and (7.19). Moreover, for all s e Iu in U§U) we have

1at Pv = f in @ and similarly ka = f in Qk. 0

' OF THEOREM 7.2. Let F be the sheaf PAY, We construct a cochain h e

»$] as follows: for all s ¢ IO’ when U( )c 2. we define h (z) =

1
z) for z € U( ), for k = 1,2,... successively, when U(O) n Qe # ¢

¢ Qk’ let ¢ be the smallest integer with U(O) <, or when v(0

QN Qk’ let 2 be 2 = k+1, then we define hs(z) f (z) for z ¢ U(O)
15)(ii) we obtain for all k

I hi o S M max j If.(z)l2 exp—¢(z) di(z) < = ,
¢ 1<j<g ]

i

% = 2(k) depends on k according to (A15)(iii).




Since fk+m—fk = P(gk+m—1 +gk) in Qk for all m 2 1, the differences
the functions hS in the overlaps U§1gz of the sets U§O) are either zero
(0) yaq_ (0
Pgsls2 for some gS]S2 € A(Uslsz) Hence 6h € C w S F).

Now theorem 7.2 follows from the next theorem and theorem Al5. [J

OREM 7.3. Let F be the sheaf PAY in the pseudoconvex set Q, where Q is
untion of the subsets 2
ction in Q satisfying (7.2). If for some A h € COEU(A),AP,¢] with

€ CI(U(A) F), then there is a constant N and a function v e AQ)P with
all s € 1 v(z)—h (z) = P(z)g (z) for z ¢ U(A)

A
(U(A) Aq) and wﬁth

satisfying (7.1) and let ¢ be a plurisubharmonic
and for some g ¢

.

[ -
J [v(z)]2 —EER—E%;%E dA(z) < » for all k = 1,2,...

(141 212y
N

OF. We can estimate the cocycle f = 6h € C](U(A),F) in terms of h by use
(A15) (iv), hence f Cl[U(A),F,¢] and 8f = 0. According to lemma 7.4(a)

re is a cochain f' ¢ CO[U(U),F,¢N] with 8f' = f in @ for some integer

*
SN
nd u > A,

Let for all 1 € IU and z ¢ Ui“)

v.(2) = hs,(2)~f£(2)

re s' = (i) Then 8v = pA Sh-8f' = pA f- p; qu= 0 in Q, thus
b
| 1e I } determlnes a functlon vV € (Q)p. Moreover, using (A15) (vi) we

ain for all k

2 exp-¢(z)
lv(z) | -————————-dA(z) < vl <M () Inl + £l < o,
J (141212 ook Asm 9,k ok
Q
k
For s ¢ IA let I'(s) c I be the set of those 1 € I with V ggi UEU)n

gA) # @. For all i ¢ I' (s) and z € V we have
V(Z)-hS(Z) = hS'(Z)-fi(Z)—hS(Z)

ce hs,—h € T(U(A) n Uéx),F) and also fi € F(UEU),F), we obtain




v--hS € P(Vi,F) .

V.
1

5 is pseudoconvex, theorem Al5 yields

v=h | e Pr(vi,Aq)

V.
1

)
s
is pseudoconvex (property (A15)(i)). [

again by theorem Al5 v=h_ = Pg in U
) s s

S

for some gs €

use also U

OROLLARIES AND EXAMPLES

In this section some corollaries and particular cases
rem on Fourier transforms in section 6, theorem 6.1. W

rem by: let

) Exp(a+0;C) 2L proj 1im A_(exp(-a(z)-1/klzl);C(
k>0
def . .
) A(a+03;C) === ind lim A _(exp 1/klzl;Q(a+1/k;C))
ko>

) F A(a+0;C)' = Exp(a+0;C)

w

A(a+0;C)' is the strong dual of A(a+0;C) and F is an
1 by formula (5.4). Here we have used the fact that th

itfunctions

{exp Sk/kH;”}k=] and {exp ]/k"gﬂ}k=]

e the same topology on the space A(a+0;C).

Let w e prC, then w € pr Ck for some k; since 2(a;C)
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LAY,

:iven of the

survey this

rphism; Q is

ences of




*

nded and since for ¢ ¢ Ck+1

szl < Im weg < Nzl
some § > 0, also the system
4) {exp l-Im wezl
k k=1

uces the same topology on A(a+0;C). These weight
= exp—¢k, where ¢k(c) = -1/k Im wez is a plurisu
refore, the theorems of the appendix and of sect
space A(a+03;C), because all the LP-norms are eq
e space A(a+0;C) is nuclear (see [14] G.7)).
It follows from (8.3) and (8.4) that any f ¢ E
€ >0and § > 0

iz-c>I

I

l1£(z) | <M sup

l<u_,e
c €9 tef(a+8;C)

M eé(z-ew)+6"z—€w"
€,6

IA

1z € ew+tC. Now let a be bounded on prC, then a
tinuous function to pr C and thus a is uniformly

as that for all § > 0, there is a (8) > 0 with

la(s—ew)-3(z)| < §.

d(z=ew) < a(@)lz=ewl+68llz—cwll < 6e(8)+e(8

that f satisfies for z ¢ ew+C, all € > 0 and 6§ >

[£(z)| < M;’G LA(z)+2slzl

satisfy
nction,

. applied to

= 1,20,

tisfies for

IA

inued as a

on pr C. Tha

|+3(z)+slzl
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an choose w ¢ prC so, that the sets {ew+C}€>0 are just the subsets of
nsisting of all the points of C with distance larger than n to the

dary of C, n > 0 and n > 0 if ¢ » 0. Thus we have found that as sets

) Exp(a+03;C) = proj lim Am(exp(-é(z)—l/kﬂzﬂ);l/k w+C),

k>
a is bounded on pr C. Since the topology defined by (8.1) is obviously
or than the one defined by (8.5) and since both topologies turn Exp(a+0;
an F§—space, both topologies coincide (see [15] corollary 2 to th.7.1),
1at (8.5) also holds for the topologies. A similar property holds for
spaces H(a;C) and H*(a;C) of [14] provided that then & is uniformly
inuous on C, which is true when a is not vertical at the boundary of
(see section 4), for example when a is constant. This surprising prop-
of functions of exponential type in cones is difficult to establish

ut Fourier transformation.

Another surprising corollary is that, as topological spaces, Ai = Aii’
* have already seen. It means that it does not make a difference if we
)(a+1/k;C) or Q(a+]/k;Ck) in the space A(a+03;C): any function ¢ holo-

1ic in int Q(a+1/k;:C) with
lo(z)| < M] exp-1/kl ¢l z e int Q(a+1/k;C)

'lomorphic in some larger set int Q(a+1/m;Cm) U int Q(a+1/k;C) and

fies there
lo ()| < M, exp-1/2lzl

ome £ > k depending on k and CIn and some M2 depending on M., k and Cm’

]’
ot on ¢.

Now we imagine an open convex set Q in C" being given or equivalently
en convex cone C in Cn and a convex homogeneous function a in G (Q such
it does not contain a straight line, whence the cone C is open in ™.
Qm};=] be an increasing sequence of closed convex sets with union £ and

that the points of Qm are those points in © with distance larger than




from 9Q (see section 4). The sets Qm deter

ictions 3 on C with for some n = ¢
m m m
a(z)- < a (z) < a(z)-¢ z
(z) nm III( ) ( ) m’ €

> > -+ 0 and > >0 -
€ o, € N, n > N

m+1 m+1

6) Exp(a;C) = ind lim Exp(a +0;C) ,

m—)OO
re we may use (8.5) instead of (8.1) when

inition is

E§p(a;C) = ind lim proj lim A_(exp
> koo

also define

A'(a;C) = ind lim A(a_+05C)"
>

equivalently

K'(a;C) = ind lim [ind lim Aw(exp

e ko

easily follows that F 1is an isomorphism:
7) Exp(a;C) = FA'(a;C).

and A' are inductive limits of nuclear Fr
lear themselves.,

In particular we may take for the cone i
c Cn, where TC = R™i C with now C an open
compact subcone of this domain is R™+icC

k
) become

pm“+ick} n{z | lm 2zl > 1/k} ,

:onvex homogeneous

m > o, We define

ounded. An equivalent

3C(k)).

(a0 ]

spaces, so they are

tubular radial domain
. n .
X cone in R°. A relativ

Ck cc C and the domains
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. . C . .
section 4. Let a(y,x) be a convex homogeneous function on T which is

k

led on each pr T ~. Then a(0,x) exists and is finite; so A =

?51 a(0,x) < o, Then the domain Q(a;TC) 222 Q(a;C) is bounded in the
inary direction, that is Q(aj;C) c Ifhd_BA, where BA is the ball with
is A in R™. This case will be used in the next section, where the

>n interpolation series will be derived.

We can consider boundary values of functions f holomorphic in R%+icC

these are finite order distributions the function f satisfies

-m
) [f(z)] < M (1+lyl ™), vy e Co Iyl <1

some m depending on f. When moreover f ¢ Ezp(a;Tc), f is the Fourier
sform of an analytic functional in Z' (see [14] H.4) carried by Q(a3C).
:d, in the same way as theorem 6.1 was obtained, using polynomials as

1itfunctions instead of (8.4) one can show
' D%(a;C) =F z2"(a;C)
Z'(a;C) the dual of

z(a3C) = proj lim A_((1+1z1)™;0(a_;C))
>

rith

<exp—am(z)

D%(a;c) = ind lim proj 1lim A ;iRp+iACk> ,

m> ko m

1+l gl ™

]Rn+iCk may be replaced by {Rp+ick} U {Rp+i(1/kyO+C)} with Yo € prcC,
a is bounded on prC. Z'(a;C) and hence also D%(a;C) is a nuclear LS-

» so that for example they are reflexive (compare the spaces in section
.

Finally we give three examples with Q contained in R" illustrating the
rences between analytic functionals and distributions. For simplicity we

e that the function a is constant on prC, so that (8.4) holds.

Firstly, let f be holomorphic in R"+i C and satisfy for all € > 0 and k




[£(z)] < K(e,k) e(a+€)"Y"+€"xH’

y € Ck’ “y“ > €,
n f satisfies these inequalities (with other constants K(e)) also for

eyO+C, Yo € prC and £ = F(o) with o carried by
Q={z | n=0, -y-£ <alyl, yec} c ¢®,
h that for all € > 0 o can be represented as a measure o in

Qg ={z | Inl <e, -y-£< (ate)lyl, yecC}

J exp-el zl ldOE(C)] < o,

Q
€

Secondly, let f satisfy for all € > 0 and k and some m

(a+e)lyl+ell xl -m

[£(z)| < K(e,k) e (a+lyl

)s ¥y €Cp,

n f satisfies these inequalities (with other constants K(e,k)) also for

Ck U {€y0+C} and f = F(p) with u € Z' carried by 9, that is for all

0 u can be represented as a measure He in QE with

f -2
J (I+hzh) ™ Jdu_() ] < =

£
€

some £ > m (actually 2 = m+n+2, see [14] (6.10)).
Finally, let f satisfy for all € > 0 and k and some m

(a+e)lyl

1£(2)| < K(e,k) e (=™ (+lgl ™),y ec

k’

n f satisfies these inequalities (with other constants K(e,k) and

sl )™ replaced by (]+||x||)2 for some & > m) also for y ¢ C, u {EyO+C} and

k
F(g) with g € S' having its support contained in 0 = {¢& | -y-& < alyl,
y

C}, so that g can be represented as a finite combination of derivations
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easures gj in O with

f 1™ lag ()] < =
0

j = 0,1,000,8 (2 = mtn+2, see [14] (6.10)).

As in section 2, in the first two examples we have when b > a > 0

Exp(a+0;TC) —QEBES—} Exp(b+O;TC),

» in the third example

H(a;C) closed linear subspace%

H(b;C).

since the restriction map from A(b+0;C) into S(a;C) is injective, we

H(a;C) —305€ | por(b+037C).

WION SERIES FOR FUNCTIONS HOLOMORPHIC IN TUBULAR RADIAL DOMAINS

In this section we derive the Newton interpolation series for functione
p(a;TC). We give the most general class of holomorphic functions for
the Newton series is valid for h in a convex cone C in R, However,
the detailed description becomes quite complicated, we discuss a
cular case, namely a class of holomorphic functions of constant expo-
al type and we give a uniform bound on the length of h. The bound for
ill not be the best possible, but still this case gives a good idea
e generalization of the validity of the Newton series discussed in this
. Finally we make some general remarks on the validity of the Newton
S.
In [10] KIOUSTELIDIS derived the Newton interpolation series (and
ar series) with the aid of Fourier transformation. The adventage of

nethod against the classical one (Cauchy's integral formula, NORLUND




3], GELFOND [5]) is that it treats the case of several variables as well,
wever, his treatment is valid only for entire functions. This is not a
striction due to the method, for, as we have shown here, one has to extend
e method (namely the formalism of Fourier transformation) to non—entire .
nctions. Then we are able to derive the Newton series (and the similar
ries of KIOUSTELIDIS [10] or [14] remark 10.1) in several variables for
n-entire functions as well. Moreover, in some way we obtain the largest
ssible class, for which the formalism is valid, since we use the domain
convergence completely (that is we do not cut off a compact subset of
is domain as it is done in [10]) and since outside this domain the formal-
n is not valid, see Satz 5 in [10].

As we have seen in [14], section 5, we have to restrict the vector h
a real open convex cone C in R™ in order to get the Newton series for
1-entire functions. Moreover, let Ihl be bounded by a positive number b.

: the convex (unbounded) open set 9 in ¢ be the interior of one of the

nponents of

_h' Z)'_

{z]| zecd® le 1] <1, Vh e C with Inl < b}

b
» figure 4.1 of [14]. Then Q is bounded in the imaginary direction, because
m| < (2k+})7m for some k and for all h e C with Ilhl < b and also Q is

itained in
1) {z | =h+£ < log 2, Vh ¢ C with Inl < b}.

. n,. . n

ice 2 determines the convex cone R +i C in € and the convex homogeneous
. n,.

mtlonlkzon R +1 C by

2) H (z) = sup - Im z-C.
Q
zefd

z) is continuous up to y = 0, that is HQ(x) exists for x ¢ R" and it
lows from (9.1) that Hg(i) is bounded by (log 2)/b+B, where B is a bound
Inl, thus (8.5) may be applied. Also we have, see (4.2), (4.3), (4.4)

Q = int{c [ -Im z°¢ < HQ(z), zZ € ]Rn+i_C}.
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Let Qm be an increasing sequence of convex closed subsets of § such

some e-neighborhood Qm of Qm is contained in Q and Q = mg] Qm. Let

H

e the functions Hy , m = 1,2,... . For y € C, h e C let s ¢ C be such
m

. n,.
z+ish ¢ R +iC,

hat Res 2 -a for some non-negative number o depending on y and h.

A 9.1, Let z eiRn+iC, h e Cand s € C as above. Then the sequence

. N
o (@) = e T (e
N,z k=0 k

“hez_) k

2rges for N + « to exp i(z+ish)-y in all the spaces A(Hm+O;C),
1,2,00.

?. The space A(Hm+O;C) is defined by (8.2) so that according to (5.9)
Lz C € A(Hm+0;C) when z ¢ Rp+iC, hence exp i(z+ish)-z and
iz.z~kh-z), k = 0,1,2,..., belong to A(Hm+O;C) for all m. Since A(Hm+O;C

Fréchet space, we have to show that for some ¢ > 0 small enough

) sup | ¢

CeQm’E

N,z (@)1 exp ellch < &,

: K is independent of N,

In section 5 of [14] we defined subsets 2(e) ggg Qh(e) of

~-h-z

Q =1{zg | le -1l < 1}

Qh(e) SEE {z ] -h+& < log(2 cos h-n-g)}

'e showed that for all € > 0 there is a € (here €

l—neighborhood of Qh(e) is contained in Qh(%e) cQ

= ¢/(6b)) such that
he On the other hand,
11 show that for all € > 0 there is a €9 such that the boundary of the
ghborhood of




Vo4) Q(ez) ggi n Qh(e

heC
I nil <b

2)

. contained in 0°.
First let us remark that Qh c QBh when B < 1, since
B log(2 cos x) < log(2 cos Bx) , [x] < im .

en ¢ € 89(52) means, that there is an h ¢ C, depending on z and 6§, with

I =b and with
-h+& 2 log(2 cos hen - 82) - 6.

and

Dl
m

w we choose €, = min(b252/16, 1/171), & =

z + i sign(sin h<n) %—VE;'E,

It
[l

]

ere sign(0) 1. Then |z-z,| < € and for some integer k
0 g

%ﬂ+4/€5 > |Im h‘g0+2kﬂ| > Q/EZ ,

that when |Im h-g0+2kﬂ| not x| < im

-Re h-;o > log(2 cos h-n-ez)—{ez =
= log{2 cos(lx|—4/g;)~€2}—£ez > log(2 cos Im h'co),

s €y < 1/171 implies sin 4/5; < 63/16 Ve,, so that the following estimates
h |x| < irm hold

2 cos(IxI—4/E;)—52 > 2 cos x—16e2 cos x + 2|sin x|sin 4/2; €, >

120, b 63—
> 2 cos x - 1682(1—3X ) + 27x 16“25- €

the right hand side is larger than
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2 cosx +€, 2 2 cos X exp ie

2 2

4 16 2
33 Ve, x° + 2x - S/E;' > 0,

N

is true when
_ 64 ! 64
X > 4/% > [-1+(1+ 5= 8¢,) ]/(f/?-:;) .

2o ¢ Q and also when jm < |x| < im+4/e,, Zo ¢ Q. Thus the sets Q(1/m)
ed by (9.4) with €, replaced by 1/m may serve as the sets Qm.

From the formula above (5.3) in [14] we get for z ¢ Qm e € sufficiently
b

such that Q
m,e

c Q(el) for some ¢
5

1’

IA

|¢N’Z(C)| Cl(el) expahez exp -Im z-z, a >0

]
o

IA

|¢N Z(E)l CZ(EI)(1+"QH) exp-Im z-°z, o

€  outside a compact set and e again sufficiently small
(y=ah)+g > elel

there is a constant K such that for ¢ € Q
=Im z-z + ah:& < K - el¢ll,

Inl is bounded in 9. Now (9.3) follows when o > O and for o = 0 it
s by replacing e by le. [J

lith the aid of lemma 9.1 and formula (8.3) the Newton series is

:'d for functions f belonging to E§p(HQ,TC) given in (8.6), where HQ is
d by (9.2):

iz-c—ah'c-sh-c> _

f(z+i(s+a)h) = <uc,e




. N
= <e ™0y lim o170 Y ™1k -
L k=0
.5) = ) (E) <e "Ly , et P b ik,
k=0 ¢

O I T
k=0 k=0

k .
) Aih f(z+ioh)

id for z eﬁRn+iC, heC, Ihl <b, Re sta 2 0, a > 0 arbitrary. The

luence

N
) (;) e (TR ek M,
k=0
verges weakly in A(Hm+O;C)' for some m depending on u, which depends
f, and since A(Hm+O;C) is a Montel space (see (8.2)), this sequence
verges strongly in A(Hm+O;C)', hence according to (8.7) the series (9.5)

verges in the topology of E§p(HQ,TC). Thus, reminding (8.5) we get, when
atisfies

6) Vk,Vy € Ck with Iyl > 1/k: |f(2)] < Mk exp Hm(z),

Re s 2 -0 with a 2 0, h e C with Ihl < b:

Ve > 0, V2 > m, Vp, 3’NO(E’Q"I)) e N](S)’ Vz € ]Rn+i(1/PW+C), VNZNO
7) )

b

N
|£(z+i(sta)h) = | (7) Af, £(z+iah)| < € A(s) exp H, (2)
k=0

e N](s) is determined by (5.1) [14] and A(s) by (5.4) [14],

Replacing z+ioh by z in (9.5) we see that the Newton series

) f(z+ish) = J (5) 2% £(2)
k=0 k i1h
d for y € nwtC, h e C, Ihl < b, when Re s > -a, a > 0 depending on n > 0

h, such that y-ah ¢ Sw+C for some & > 0, converges according to

Ve > 0, VL > m, HNO(S,Q)zle(s), VzeIRn+i(nw+C), VN > N0

N
|£(z+ish)- )

1@ Bip £ < € A(s) exp H, (a-iah)
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We restate the results in

REM 9.1. Let h € C with Inl < b and let £ be an element of Ezp(HQ,TC)
e Hy is given in (9.2). If o > 0 is such that y-oh e Sw+C, § > 0, when
nw+C for some n > 8, then the Newton series (9.8) is valid for this y
h, when Re s > -a. The series (9.8) converges absolutely in one of the
s of Ezp(HQ,TC)or, more precisely, it converges according to (9.9).

. Re s 2 -0 with o > 0 arbitrary, the Newton series (9.5) holds for all
C, h e C, Inl < b; then the series (9.5) converges absolutely in the
'logy of E;p(HQ,TC) or, more precisely, it converges according to (9.7)
. f satisfies (9.6). In both cases (9.5) and (9.8) converge uniformly

. on compact subsets of {s | seC, Res = -a}.

Using (8.8) and (8.9) as in [14] section 7 we can derive the Newton

es (9.5) for functions f satisfying
-m
Vk,Vy € Ck: [£(z2)] < Mk(1+"y" ) exp Hm(z).

i series holds for z ¢ nfﬂd.c, h e C and Re s+a =2 0, o =2 0 arbitrary and

onverges in the topology of D%(a;C), namely according to

Ve > 0, V& > m, Vp, ENO(e,Rﬂﬂ ZN](S), Vze'Rp+i{CpU {1/pw+C}},

VN = N0

N
[£(z+i(s+odh) = | () £(z+iah)| < e A(s) (1+lyl ™ Dexp H (2),

k=0

‘e t = mtn+2 if o > 0 or t = m+n+3 if o = 0. This yields the convergence
‘he series (9.8) similarly to section 7 [14].

Actually, theorem 9.1 gives the condition f should satisfy in
ir that the Newton series holds when h ranges in a given domain. How-
*, the function Hﬂ(z) (formula (9.2)) arising in condition (9.6) is not
'n explicitely. This would be quite complicated (see [10] for entire
:tions and h complex). Therefore, we now start with a given class of
.tions and determine the domain of h the Newton series is valid in. For
ylicity we will not give the largest possible domain, but still we get

ynsiderable generalization of theorems 7.1 and 10.1 of [14].




The domain of convergence Q, = {z l Ie_h'c—ll < 1} is determined by

h

-h+¢ < log(2 cos h*n)

r he ]Rn, see 4.1 and figure 4.1 of [14], here figure 9.1 when k = 0.
-hen

figure 9.1

zure 9,1 gives the component of Qh that contains the origin. We approxim
is domain from the inside by

1
,10) {z | -%TT h*g * log2 h°n <—]-1T log2 when ~h*£> 0 and |hen| < 37

3
when -h*£ <0} c Qh.

. . n. . .
Now let a convex homogeneous function 3(z) be given on R +i C with C
. n . n .
ronvex open cone in R, such that a(0,x) exists for x ¢ pr R . This

iction determines an open set Q by
11) Q = int{c | -Im z*z < d(z), z e R+iC}.

: {ém(z)};=l be an increasing sequence convex homogeneous function with
. . C

11t d(z) and with am(z)+em < a(z), z € pr T , for some €n > 0. Let Qm be

» domain determined by the function a . Then from (9.10) and (9.11) it

lows that Q c ﬁh when h ¢ C satisfies

12) Ihl < min{

ice in that case Qm c
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LLARY 9.1. For functions f € E§p(a;TC) the Newton series is valid, when
> satisfies (9.12).

However, when a is a rather constant function, a better condition for

han (9.12) is obtained by approximating Q. from the inside by

h

{t | (h°£)2+(h'n)2 < 1og22 when -h<& >0 and |hen| < log2

when -h+¢ < 0} c Qh.

A

inclusion follows from log22 < log2(2 cos v)+v2, |v] im, which is

because

+

10g22—1og2(2 cos v) = (log2 - log2 cos v)(log2 log2 cos v) <

< log2°(2-2 cos v)°2 log2 < v221og22 < 0.98 v2 <

A
<

€ Qm and h € C such that -h*g > 0, we get
(h°5) *+(h'n)? = =(=h*E)heg=(-hen)hen £ &_((-h+E)h, (-hem)h) =

1 ~ —
= IRl { (he£) 2+ (hen) 2} 2 a_((“h-£)h, (-h-m)h),

{(h.g)2+(h.n)2}% < Inl am(o:}:al)

+ .. :
ome a ¢ R and B ¢ R. This is smaller than log2 when we require that

y  inl < min, = —o8Z_
(ayB)e(R ,R) a(ah,Bh)
a2+82=1

se T ¢ Qm and -h*g < 0, Jhen| < Inl am(O,ih), so that |hen] < log2 if
isfies (9.13). Thus for h € C with (9.13) satisfied, the domain © (9.11)

ntained in Qh.




ROLLARY 9.2. For functions f € E;p(a;TC) the Newton series is valid, when
¢ C satisfies (9.13).

For example, when a(z) is a constant a on pr(Rp+iC), the Newton series
lds for h € C with Ilhl < 1log2/a, if the function f satisfies

Vk: |[f(2)] < Mk exp amHzH, yeC., Iyl > 1/k, a < a.

k’

Nl

is is a better bound than condition (9.12) since %ﬂ 10g2{(%ﬂ)2+1og22}—

log 2. This condition for lhl generalizes the one dimensional case of

RLUND [13] p.237.

<

In sections 7 and 10 of [14] we have seen that the bounds for lhl were
cermined by the value of the convex homogeneous function a on C at the
int h, namely Ihl < log2/a(h) when a(h) > 0 or Il arbitrarily large when
1) < 0, where the function f was of polynomial growth for lxl large. Here
> function f is of exponential growth also for Ixl large and the bounds

- Ihl are determined by the values of a on
~o. > 2 2
{Bh+ioh | @20, Be R, a +R =1},

> conditions (9.12) and (9.13). This bound is always positive and finite,
tept in one case, where the Newton series is valid for h ¢ C with Il
vitrarily large, namely for functions f of exponential type, holomorphic

Rn+iC, satisfying

2

Nl—

Ve > 0: If(8ﬂ+iaﬂ)i < Ms exp (o +62) . a >0, Be R,

.s generalizes the case that a(ﬂ) < 0 in sections 7 and 10 of [14].
Finally we consider the case o < 0 more carefully and we will find that

that case too the Newton series (9.8) is valid for all y such that

h € C, even if y does not belong to C. But first we have to modify the

ning of all the terms occurring in the series. We assume in the remaining

this section that for a < 0

Re s 2 -0 >m, ,

0
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> my is a non-negative integer.

Firstly, we consider the series

oo o k
.—h- k k— - o - .
YL @ETED s T {1 ek e b
k=0 k=0 m=0
D€ Qh. We will show that we can rearrange some of the terms in this

's. Therefore, we remark that the series

)

v k k-m
I 1 Qe
m=0 k=m
isolutely convergent for arbitrary numbers Am’ m = 0,],...,m0, since

1) [14]

mo . mo 0

) L@l = T O] ) 1(5"™ <
m=0 k=N1(s) m=0 ™ m k=N1(s)—m k
<mzo——2—|||(>|zk°‘+m‘<w

T Lo TeEsmT M = ’

se a+m < 0. Hence

mO oo . o mo
k k-m ] k k-m
) Yol (D = 7O Y OEDTT 4
m=0 k=m k7 m k=m0+1 k m=0 m m
"o k
k k-m not
T T OEDT A B s, )
k=0 k =0 m m 1 mo
s. Now we write (9.14) in the following way
e o0 (830 hunah ) = nm{ Nels z <f;>< DETm Tl
0 N->oo “k= O m=0
g I} 2: s E k k-m
- ( )[ ( )(-1) Ad - ()C ()n A ]} =
k=m_+1 m=0 m k=0 k m=0 m m

0

=1mz(>[2(>(1) o,
N> k=0 m=0




Te u = exp-mh.z for m > m and W = exp(—mh'g)-Am for m < my. In
compute @(s;kl,...,kmo) we derive from (9,15) and from Re s > m
?? s E s—-m k mo s s-
O(s35h 5eeesd ) = )X () 1 CNEDT= T A Sa-1
: o w0 ™™ k=0 K m=0 ™ "

any numbers Am. Choosing Am = exp-mh°Z we obtain

o k
-sh- k k- -mh-
16) NP S T ) ] (HEnkmemt
k=m0+l m=m0+]
o k
k k-
=1 @ 1 @EDT
k=0 =0
re u = exp-mh*z for m > m, and Ho arbitrary for m < m. In fact,
e rearranged the terms in (9.14) so, that first the summation is ned
r all the terms with exp-mh¢z for m < m, and it turns out that tt les
independent of these terms.,
Secondly, we give bounds to the functions
N
-h- k
og(@ = 1 (DD,
k=0
n Re s 2 -a > my. From p.27 [14] we get for ¢ ¢ Qh(e)
|¢N(g)| < 1+BS{1+(—1og 0) %
h p = 1-ie exp-Re h°z, whence
lo..(z)| < 1+B +C(s,a)e—a éxReh-g.
N s
refore, we may conclude as in lemma 9.1 that the series e-ah-g ¢N
b

verges in every space A(Hm+O;C), when y is such that y-ah € C, h €

t for U; € A(Hm+O;C)' the series
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N
I () e ek
k=0 E
converges strongly in A(Hm+0;C)'.
Now using (9.16) we derive that for f e E;p(HQ,TC) the following

Newton series converges in the topology of E;p A(Q,TC)

© k .
£(z+i (s+a)h) = z (i) < Z (k)(_l)k-m e—mh-c e—ah-CU , elz-C>
k=mo+1 m=mo+1 m ¢
o k
= 1@ GOEDE™ £,
k=m0+] m=m0+1

Replacing z+iah by z and using the second part of (9.16) we find that the

Newton series

ot s k*
kzo () b5, £(2),

(9.17) f(z+ish) =
where the asterix means that in the points {z+imh | m = O,l,...,mo} where

f is singular or undefined we may take zero instead of f(z+imh), is valid
for all he C, Ilhl < b, Re s > -a > my =2 0 and all y such that y-ah ¢ C and
that it converges according to (9.9).

It may happen that f ¢ E;p(HQ,TC) can be continued analytically outside
the domain Rp+iC, so that f(z+imh) is defined for all m. But in fact, this
is not essential and the series (9.17) has a meaning even if f is singular
or undefined in some points z+imh, m < my, as long as Re s > m. Obviously,
this is the generalization to several variables of the one dimensional case
given in NBRLUND [13] p.237 in the first example 123.

We conclude with
THEOREM 9.1, When Re s > -q > my 2 0, theorem 9.1 also holds for all y
such that y-ah e C; then the modified Newton series (9.17) converges accord-
ing to (9.9).




APPENDIX

PASSAGE FROM LOCAL TO GLOBAL RELATIONS

In this appendix we discuss some well-known properties in the theory
functions of several complex variables. Except section I all sections are
oted to the problem how to extend local relations between holomorphic
ctions to global relations. As some readers may not be familiar with the
ics used to solve this problem, we will go more into detail than merely
ying definitions and theorems from litterature. We give those proofs that
7 how to use the various concepts (as sheaves and cohomology) in deriving
main result. In fact, since we want a quantitative result in section 7,
serform the same steps there as in section IV of this appendix, then
ing care of estimates. Therefore, we also give the quantitative theorems
se steps start from. Almost the same method HORMANDER [7] uses in his

¢ is applied here and we repeatedly refer to this book.

JOMAINS OF HOLOMORPHY

In this section we give some definitions and theorems which are used
section 2, the case of holomorphic functions on compact sets.

Let @ be an open set in ¢". We denote by A(Q) the space of all holomor-
> functions in @ with the topology of uniform convergence on compact sub-
s K of 2. All functions holomorphic in a certain domain 9 in Cn, n=>2,
it be continued analytically into a larger domain. Domains for which this
1ot possible are called domains of holomorphy. Thus 9 is a domain of holo-
vhy if and only if there exists a function f ¢ A(Q) which cannot be con-
ted analytically beyond Q, that is, it is not possible to find Q] and Qz,
L P # Q] c 92 n Q and with 92 connected and not contained in Q, and

A(Qz) so that f = f] in Ql. One can decide whether a domain Q is a
in of holomorphy by other means too. We will discuss some of these means

h are most useful in applications.

For a compact set K of an open set Q we define the A(Q)-hull K_ of K by

Q

f(Q ={z | zeQ, |f(z)]| < sup |£(z)]| for all f ¢ A(Q)}.
zeK
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choose f£(z) = exp z+z we find that K is contained in the convex hull

Q
of K. Domains of holomorphy can be characterized by the following

em, th.2.5.5(ii) of [7]:

EM Al. Q Zs a domain of holomorphy <if and only <f from K cc Q <t

that ﬁQ cc Q.

. n .
Hence convex open sets in € are domains of holomorphy. Conversely

er's theorem (th.2.5.12 of [7] or 17.5 of [16]) yields:

EM A2. A tube domain R™+i 0, where 0 is a domain in R", is a domain

Lomorphy if and only Zf O Zs convex.

A more geometrical characterization of domains of holomorphy is obtained
garding them as pseudoconvex sets. These sets can be defined with the

f plurisubharmonic functions. Rather than giving a precise definition

1 of [7]) we state some results. As in (Al) one can define a P(Q)-hull

K by requiring that f is plurisubharmonic instead of f ¢ A(Q). Then
theorem Al an open set ? is pseudoconvex if and only if from K cc @ it
vs that ﬁP cc Q. Since the function |£(z)| is plurisubharmonic if f is

Q
>rphic, domains of holomorphy are pseudoconvex. The converse is also

(th.4.2.8 of [7]):
IM A3. An open pseudoconvex set is a domain of holomorphy.

\ctually, if K is a compact set of an open pseudoconvex set Q, then ﬁQ
3 ﬁg (th.3.4.3 of [7]). Therefore, we will not distinguish between the
>ts of pseudoconvex open set and of domains of holomorphy and we assume

>e one or the other where necessary.

IM A5. Let Q be a pseudoconvex open set in € and K a compact subset
such that ﬁQ = K. Every function analytic in a neighborhood of K can

e approximated uniformly on K by functions in A(Q).
fhis is theorem 4.3.2 of [7].

[TION A5. A domain of holomorphy Q c ¢" is called a Runge domain if

mials are dense in A(Q), that is if every f ¢ A(Q) can be uniformly




roximated on an arbitrary compact set in Q by analytic polynomials.

Since polynomials are dense in A(mn) we might as well have considered
itrary entire functions instead of polynomials in definition A5. For a

pact set K we define

K= {z ! zZe€ Cn, |P(z)| < sup |P(z)| for all polynomials P}.
zeK
n kK= ﬁmn and compact sets K with K = K are called polynomially convex.

ever, we even have (th.2.7.3 of [7]):

OREM A6. Q Zs a Runge domain if and only if for every compact set K in ¢

~

KQ.

s theorem is a special case (namely when §

lowing theorem (th.4.3.3 of [7]):

| =% and @, = ¢™) of the

JREM A7. Let 2, <9, be domains of holomorphy. Then every function in
1) can be approximated by functions in A(Qz) untformly on every compact
set of Ql if and only <f for every compact subset K of Q] we have

= K °
Q]

THE 3-OPERATOR

In this section we define the 5—operator and give some existence
rems.

Let u be a complex valued differentiable function in 9 c C". We denote
x+iy € Q also as z = (y,x) with x € R" and y € th where now Q is
irded as an open set in R?n (the reason for not writing z = (x,y) is,

:y when we do so for ¢ = &+in ¢ &n, ¢ = (£,n), then -Re(iz+z) can be
‘ten as inproduct between the vectors (y,x) and (£,n) in R?n).The com-
:nts of z are denoted by zj = xj+iy._and Ej = X.-iy.. When differentia-
1 takes place, we rather use z. and Zj’ j=1,...,n, as coordinates than

1), so that

3 _ 3 . 0 5 _ (o ..
5z, 2<8x. t By.) and = Z(ax. T ay.) .
j ] ] j j j
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we get
n n
du = ggi-dzJ v ] az,
i=1 7] j=1 %]
7ith
L - T Bu -
du = Z = dz and 3u = ) =— dz
d9z. ] £ 0Z. ]
=1 73] j=1 °%j

ly also write
du = 3u + 3u .

we write du = 0 in {2, we mean that every component gju = au/azj must

h in Q. These are exactly the Cauchy Riemann equations, so that we get

EM A8. 4 function u in CI(Q) 18 holomorphic in the open set Q if and
if du = 0 in Q.

In the above du is a (0,1)-form. We call g a (0,1)-form in Q if it can

itten as

g(z) = Z g, (2) dz, z € Q,
k=1
8y k = 1,...,n, are functions in Q. We will give a condition when a
-form g can be written as du for some function u. A necessary condition
is 3g = 0, where we define

- E E o8, _
og = =— dz_ A dz
m=1 k=1 °*m ™ k

-

|

Q

the functions g, are differentiable. Here we may use the rule

dz A dz, = —dEk A dEm, k,m = 1,...,n

= 0 if the coefficients of all the dz A dzk (m < k) vanish. It is

:0 see that for any u ¢ C () 33u = 0, so that indeed gg =0 is a




cessary condition. When Q is pseudoconvex, it is also a sufficient con-
tion. This we state in a theorem, which we give in a more general form,
nely for (0,q)-forms. We say that g is a (0,q)-form in @ (q = 0,1,...,n)

it can be written in the form

-I
g= ) g(2dz, zeQ
IT]=q

eare I = (k],...,kq) is a multiindex and d;I = dEkIA...AdEk and where th
matition is performed over all multiindices I with k1 < k2 < ... <k
>r again we may use the rule (A2)). Thus g has (2) coefficients 8- We
fine

_ n g _ _
og = z z —:1 dz, A dzI

1 1]=q sz k

re (A2) should be used. It is clear that 3 3 g = 0. Now the following

istence theorem for the S—operator holds (cor.4.2.6 of [7]):

IOREM A9. Let the coefficients 81 of the (0,q+1)=form g in the pseudo-
wex open set 9 be C —functions and let 3g = 0. Then there exists a

vq)=form u with Cw—coef?icients in Q such that du = g.

Next we state a similar theorem, where besides the existence of u als
:imates of u in terms of estimates for g are given. We use the measure
)dA, where d\ is the Lebesgue measure in Gn, and ¢(y,x) is a plurisub-
‘monic function. We do not give the definition of a plurisubharmonic
iction (see 2.6.1 of [7]), but we merely state that a convex function
7,X) is plurisubharmonic, that 1og(]+ﬂz"2) is plurisubharmonic and that
-8y is plurisubharmonic for o > 0, B > 0 whenever ¢ and ¢ are plurisub-
'‘monic. These facts will be sufficient for the applications we make. For
0,q)-form f in Q@ (q = 0,1,...,n), where the coefficients fI are locally

lare integrable functions, we write

HOIMEED) £ @1%,  zea
T]=q

e, - J 1£z) 12 e %) axa) .
Q
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mark that for such an f we must take the weak derivative in Sf, thus

atives in distributional sense. Then we state the following theorem
4.2 of [7]):

EM A10. Let Q be a pseudoconvex open set in C° and ¢ any plurisub—
nte function in Q. For every (0,q+1)=form g with locally square
rable coefficients, with "g“¢ finite and with 3g = 0, there is a (0,q)-

u tn Q with locally square integrable coefficients, such that du = g

J lu(z) 12 e (14120272 ai(z) < "g"i .
Q

u depends on ¢, when the right hand side is finite for more than one

ton ¢.

ANALYTIC SHEAVES

In this section we discuss some properties of analytic sheaves and we
late the main problem of this appendix. We do not give a general

ition of a sheaf on an open set Q in mn, but we just give the properties
2d in this paper. A more complete description can be found in [6] or [7]
for z € 2 we denote by Az the set of equivalence classes of functions f
are analytic in a neighborhood of z, under the equivalence relation

if £ = g in a neighborhood of z in Q. The residue class fz of £ in Az

1)

lled the germ of f at z. It is clear that Az is a ring. Let

ice an analytic function is determined completely when it is given in an
'm set, the residue class of f is trivial: it consists of f only. But

'n we consider the restriction of f to a variety V in Q, we get a sheaf
V (V is a simultaneous zero set of holomorphic functions in ) and the
livalence classes are no longer trivial, see [6] def.IV D.5, p.143 and
 also section VI. Also, when we consider C -functions instead of ana-
ic functions, it has sense to define the germ of f at z as a residue
.ss.




ere the rings Az are considered as disjoint sets. Furthermore, let the
llection of subsets of A of the form

{fz | 2z ¢ wcQ, where w is open and f ¢ Alw)} ,

ere w runs over the collection of open subsets of Q and f runs over the
aments of A(w), be a basis for the topology of A. Then for every open sub-
t w of @ and every f ¢ A(w) the map ¢ from w into A with ¢(z) = fz is

ean and continuous.

Let m be the map from A into Q which maps Az onto z. Then m¢ = identity.
general we call the image of a subset U of Q under a continuous map ¢:

» A, with m¢ = identity, or the map ¢ itself, a section of A over U. The
: of all sections of A over U is denoted by TI'(U,A). In fact an element of
J,A) is the restriction to U of a holomorphic function in a neighborhood
U in @ or if U itself is open, it is a holomorphic function in U.

The space A is an example of a sheaf on Q. Since Az is a ring for each
: 2, we can consider a sheaf F such that Fz is an Az—module for each ze @
|l such that the product of a section in A and a section in F is a section
F. Such a sheaf is called an analytic sheaf. In particular we will con-
ler ideals in Az and modules in Az. Since the ring Az is a noetherian
ig ([7] th.6.3.3 or [6] th.II.B.9) the ideals in A_ and the modules in Az
: finitely generated, _

For example, let U be an open subset of @ with § # U # Q and let an
lytic sheaf F be given by Fz = Az if z € U and Fz =0 if z € Q\U. A
tion of this sheaf over a connected open set intersecting Q\U must be
o by the uniqueness of analytic continuation. In any point z e Q, Fz is
itely generated, but in any neighborhood w of a boundary point of U in
s not finitely generated by the sections over w.

Thus although Fz is finitely generated in any point z ¢ 2, we cannot
ays use the same generators for all z in a neighborhood of any point.
ever, we consider sheafs where this property indeed is satisfied. Namely,
analytic sheaf F is said to be locally finitely gemerated if for every
en point in Q there exists a neighborhood w in 9 and a finite number of
tions f],...,fq € T(w,F) so that Fz is generated by (fl)z""’(fq)z as

AZ—module for every z € w. In particular we will consider locally finitely
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‘ated subsheaves F of Ap, so that then in the above definition for
seess( fk is a p-tuple of analytic functions fi e A(w) in w,
. 1
beeesp with (£) = (£,(2),...,5(2).
Let F be a locally finitely generated analytic sheaf, let f],.,,fq be

.ons over an open set U of Q@ and let for any z ¢ U

I >~~10
[0)0]
o
—~
Hh
~
1
(]
—

- 1 q q
Rz(fl,...,fq) {(g seeesg™) € Az |

k=1

. a submodule of AZ, called the module of relations between f],,,.,fq

Then

R(f ,...,fq) = U Rz(fl,...,fq)

! zeU

subsheaf of AY on U, called the sheaf of relations between f],.e.,fq,
A locally finitely generated analytic sheaf F is called a coherent

tic sheaf, if R(f],...,fq) is locally finitely generated for all UcQ,
K € r{u,r), k = 1,...,q and all q. When F is a locally finitely gener-
subsheaf of Ap, the last condition is always satisfied. For by Oka's
em ([7] th.6.4.1 and th.7.1.5 or [6] th,IV.C.1 and IV.B.7 and 8) every
ly finitely generated subsheaf F of AP is coherent; that is for any

in U ¢ Q one can find a neighborhood w < U and finitely many elements
.,Gr € P(w,R(f],...,fq)) (thus for & = 1,...,r G2 = (g;.,,,gg) €

)q and for z € w

k j .
) g,(2) £(2) =0, j=1,..,p,
k=1

lyess5r), so that Rz for every z ¢ w is equal to the A?—module generate
I)Z,...,(Gr)z.
If two of the sheafs of the exact sequence (that is the image of one

s the kernel of the next map)
O>F~>G->H=>0

>herent, then the third sheaf is coherent too, see [6] th.IV.B.13.




'om now on we only consider coherent analytic sheaves and we do not state
iis all the time.

Let now in (A3) the functions fi € A(U) be polynomials ij = fi,
= l,ee05p, k =1,...,q9 and let U = Q. Then we consider the sheaf homo-

rphism
P: A9 AP

fined by mapping (g](z),...,gq(z)) € A: to

3 k 3 k
(kzl P (2) 8 (z),...,kz1 Ppk(z) g(z)) € Az, z e Q.

have seen that the image and the kernel of this map are coherent analyt-

sheaves and in particular it follows from the proof of the Oka theorem
h.6.4.1 of [7]), that the functions gE in (A3), 2 =1,...,r, k = 1,...,q,
n be chosen to be polynomials. Thus the kernel RP of this map is generated

the germs of all q-tuples Q = (Ql""’Qq) with Qk polynomials for
= 1l,...,9, such that

q
4) kzl ij(z) Qk(z) =0, z e f.
rthermore, since the polynomial ring (over €) is noetherian, the module
all Q = (Q]""’Qq) with Qq polynomials satisfying (A4) is finitely
nerated over the polynomial ring. Thus since all the generators, that is
a neighborhood of all the points of Q, are polynomial q-tuples Q, R_ is

P
nerated by a finite number of such Q, say by QZ = (Qll""’Qll)’

= l,...,r, where ka is a polynomial., Summarizing we get the exact

juences of sheaf homomorphisms

5) 0— R— ACE r o

b

ore F is the image of P and

5) 0~ Ry~ AT & R O.




89

A section f = (f],...,fp) in F is a p-tuple holomorphic functions in
us fj € A(R), j = 1,...,p, satisfying locally, that is in a neighbor-

wg of each point in @,

q
N S S .
fj(Z) = k%] ij(Z) 8, (2), zeuw, g o€Alw), j=1,...,p.

n w, the functions gEeEA(wS) are not necessarily equal to the functions

t
like that h°® = 0, thus that (A7) holds globally, that is we would

to find 8 € A(f2) such that (A7) holds for all z ¢ 9. The main problem

A(wt), for they may differ by a section nSt in Rp over w_ N w . We

is appendix is to prove that such functions 8> k=1,...,q, exist.
n formulate this as: the problem is to prove that the following

nce of sections is exact
0 — T(2,R,)—> r,AY -2 r,F) — o.

the sequence is exact in the first two places is clear, but our atten—
is paid to the exactness in the last place, thus to prove that the

is surjective. We will find that (A8) is indeed exact, when Q is
>convex. Then starting with (A6) we would at the same time have solved

coblem:

M All. If the function f, e A(Q) satisfy

k

q
z ij(z) fk(z)=O, zef, J=1,...,p,
k=1
chere are functions g, € AQ), & = 1,...,r, such that
r
£ (2) = Z Qo (2) gy (2), zef, k=1,...,q,

=1

) Zs pseudoconvex.




» COHOMOLOGY GROUPS WITH VALUES IN A SHEAF

In this section we define cohomology groups and show how they are used
solve the problem formulated in section III,

We consider the sheaf F as an additive commutative group.
U= {Ii}ieI be an open covering of the open set Q in ¢, If p is a non-
jative integer, we denote by s = (so,...,sp) any elemenzlin 1P+1 and we
: US =Ug n...n Usp. A map assigning to every s € 1P™' a section
€ F(US,F) so that cg is an alternating function of s (that is, Cq changes
;n if two indices in s are permuted) is called a p-cochain of the
rering U with values in F. Here we define T'(#,F) = 0, the abelian group
‘h one element. Then the set Cp(U,F) of all p-cochains is an abelian
yup.,

A map & from CP(U,F) into Cp+l(U,F), called the coboundary operator, is

‘ined as follows: if c ¢ Cp(U,F), then for s ¢ Ip+2
p+l 3
(6C)s = .z (=1 € v.iB....5
3=0 0 J ptl

're the notation §j means that the index Sj should be removed. We intro-

.e the group of p-cocycles
zZP(U,F) = {c | ¢ e cP(U,F), 6c = 0}
the group of p-coboundaries

BP(U,F) = {6c | c e P Nqu,F)3,

re Cn1 = 0., Since for all c ¢ Cp(U,F) 8§8c = 0, BP is a subgroup of zP,

can, therefore, define the quotient group

Hp(uyF) = zp(ua’:y ’
8% (U,F)

ch is called the pth cohomology group of U with values in F.

For example, if c is a O-cocycle, thenc -c¢ =0in U n U for all
S0 1 0 %1
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i Sy» which means that there is a section f ¢ TI'(Q,F) with the restric-

2 to US for every s. Hence
0 ~
H (U,F) = T(Q,F) .

et Vo= {V.}. be another covering of @, which is a refinement of U.
neans that there is a map p from J into I such that V cU (J)
jeJ. If c € Cp(U F), we can then define a cochain pc € Cp(V F) by

1g (pc) equal to the restriction of Cp(s) y to V . One easily

ceop(s
chat o commutes with the coboundary operators zil cP w, F) and CP(V F)
:herefore, it induces a map 0* from #P(U,F) into HP(V,F). This map p
lependent of the choice of p (see prop.7.3.1 of [7]).

.et E be the sheaf of germs of C -functions on (see the footnote on

35).

M A12. Let F be a sheaf of E-modules on Q, then HP(U,F) = 0 for p > 1

rery covering U of Q.

Let ¢v be a partition of unity subordinate to the covering U, that is
“ is a C -function with compact support in Uiv for a certain index iv;
11 but a finite number of functions ¢V vanish identically on any com-
act subset of Q;

¢v =1 on Q.

e ZP(U,F) we put, when s e IP,

=1 i s»
S v
defines a cochain g in Cp_l(U,F). Since with s e 1P*!
pt+l

(6c), =c + ) (-1 . =0

is s . 1 SneeeS.0..8

v 31=0 0 j P

ptl i
(6g)s - z .Z ¢v(—]) i s viBiunes Z ¢v s T Csv
v j=0 v 0 ] Y

is a coboundary. [J




Let F, G, H be three sheaves of abelian groups on 2 and let ¢ and ¥ be

eaf homomorphisms such that the sequence

o—Fth oL y—o

exact (thus ¢ is injective, y is surjective, the kernel of ¢ is the image
$). This defines exact sequences between sections; thus we get the exact

quence
0— cP,F)— cPW,6)— cPU,H) ,

t the last map is not necessarily surjective. We denote its image by
(U,H) and call it the group of liftable cochains. We then have an exact

juence
0— cPw,F)— cPw,6) — cg(u,H)——+ 0.

1ce § commutes with 1V, Cz(U,H) is mapped by § into Cz+](U,H) and we can

‘ine the cohomology groups

HP (U, H) = zp/ ,
a a/ gp
a

're ZE(BZ) is the group of ali liftable p-cocycles (coboundaries of 1iftable

‘1)-cochains). Then we have the commutative diagram with exact columns:

0 0 0
} J |
P lu,p 25 PP S PHl,m
1¢ ¢ |¢
P w6 4~ Pw,e 2 P*lw,e)
v v Jv

cz"(u,H)—5—> cz(u,H)~§-—> cg”(u,H)

l | |

0] 0] 0
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Now we construct a map 6* from HZ(U,H) into Hp+1 (U,F) as follows: If
fe Zp(U H), then f = yg for some g ¢ Cp(U G) and y8g = Syg = 8f = 0, hence
= ¢c for some c € cP* 1(U F). We put & *f = ¢ and we have ¢8c = S¢c =

Zp+1(U,F), since ¢ is injective.

= 66g = 0, hence 6c = 0, that is c ¢
Another representative of f in HP(U H) differs from f by a coboundary
f1 € BP(U H). Then f = wg] for some 8 € Cp(U G) and also f = §f' for some
f!' ¢ Cp ](U H. Furthermore there is a g' ¢ Cp u,G) with wg = f' and we
have w(g —Gg ) = wg1-6wg = 1—6f' = 0, thus g]—ég = ¢c' for some c' ¢
€ CP(U F) Let c, = Sc' e Bp+1(U F), then Ggl = 8¢c'+88g" = ¢Sc' = ¢c], hence
6% = c eBP" Lwu,m.
Thus indeed §” is a homomorphism between the cohomology groups

*

(A10) 6% HP(U,H)— P, .

The kernel of 8" consists of those f Zp(U H) mapped by §* on cobound-
c = 8c" with c" ¢ Cp(U,F),

aries ¢ ¢ BPY 1(U F). For such an f we have &*f

hence Y(g-¢c") = Yyg = £ and §(g-dc") = dpc—¢&c"

0, thus f is the image
under ¥ of a cocycle in Zp(U,G). Conversely, the image f under ¥ of a co-
cycle g in Zp(U,G) is mapped by 8% to O, since 0 = §g = ¢6*f and ¢ is in-
jective.

The image of 8" consists of those c in Zp+](U,F) mapped by ¢ into co-
boundaries of Bp+](U,G), because it follows from the construction of & that
¢5*f = ¢c = 8g. Conversely, if c e Zp+1(U,F) is such that ¢c = Sg for some
g € Cp(U,G), then 0 = Y¢c = Y8g = Syg, thus Yg = f is a cocycle in ZZ(U,H)
with 67f = c.

Therefore, we have obtained an exact sequence

* * * *
(A11) o— 1w, F) 4 10,6yt Hg(u,H)—§~» u'w,F) 2> ulw,e)
* *

v, H;(U,H)—§—+ B2 (U, F) — ... ,

where the maps ¢* and w* are obtained from ¢ and ¢y in the obvious way, using
the fact that the maps of cochains defined by ¢ and ¢ commute with the co-
boundary operators.

We shall now prove that existence theorems for the d-operator are equiv-




ent to statements involving Hp(U,A).

EOREM A13. When Q ¢ C" <8 covered by an open covering U = {Ui}ieI’ where
ch Ui 18 pseudoconvex, then for p = 1 HP(U,A) 18 isomorphic to the quo-

ent space

{f | £ 4s a (0,p)-form with C -
coefficients in Q and with
3f = 0}

{3g | g Zs a (0,p-1)-form with

Cw-coefficients in Q}

OOF. Denote by Eq the sheaf of germs of (0,q)-forms with Cw—coefficients
d by Zq the sheaf of germs of (0,q)-forms f with C —coefficients and with

= 0. Then it follows from theorem A9 that the sequence

0— 2 —E -7 —%»o0
q+l

exact and that this also holds for the sequence of sections
o— cP,z y— cPW,E )— cPW,z _y— o,
q q q+l

) =

1ce intersections of pseudoconvex sets are pseudoconvex. Thus CZ(U,Zq+]

ZP(U,Zq+l) and using (Al11) and (A9) we get the exact sequence

1 1
00— F(Q,Zq)——+ P(Q,Eq)——+ F(Q,Zq+])——+ H (U,Zq)—~+ H (U,Eq)~—+
1 2 2
— H (U,Zq+l)-—+ H (U,Zq)——+ H (U,Eq)——-> oo

sorem Al2 yields HP(U,Eq) = 0 for p 2 1 and, therefore, we get

P ~ yPt1
H (u,zq+1) = H (u,zq), p =1

—_—

1
H U,Z ) =T1(,Z ..)
: a* //F(Q,Eq)
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iing theorem A8 we get for p > 1

HP(U,2) = BP(U,Z,) = HP"I(u,zl) = ., = H](U,Zp_l) ~

IR

F(Q,Zp)

F(Q,Ep_l) . 0

In particular, it follows from theorem A9, that if Q itself is pseudo-

X

Hp(u’A) = 0, P

\%

11 open coverings U of @ consisting of pseudoconvex sets.

This result holds more generally for all coherent analytic sheaves F,
is Cartan's theorem B (th.7.4.3 of [7] or th.VIII.A.14 of [6]). We

prove this only for subsheaves F of AP that are finitely generated by

1))

omial vectors in A(Q)P , which is all we need in this paper. For the
al case we only indicate where the proof follows the same pattern, whict
be sufficient to show why F should be coherent. Moreover, we assume

the covering U is such that more than M distinct sets Ui e U have empty
section, although this requirement is not necessary (see the footnote

ge 98).

EM Al4, Let Q be an open pseudoconvex set in €, let U be an open
ing of Q consisting of pseudoconvex sets such that the intersection
re than any M elements of U is empty and let F be a subsheaf of AP

finitely generated by polynomial vectors. Then

BPU,F) =0  forp = 1.

> fact that a coherent analytic sheaf F is generated in each point by
:tions over Q is Cartan's theorem A (th.7.2.8 of [7] or th.VIII.A.13
[6]). Here we only assume that there is a finite number of sections
1erating F in all points of Q and that these sections consist of poly-
nials.




Y

R00F, Let F be generated by h],...,h e T(Q,F), thus each hk = (hi,...,hi) €
j not

A(Q)r, k=1,...,q and each hk = ij is a polynomial. Let us suppose
1at the problem of section III is solved, that is the sequence (A8) is
tact when Q 1s pseudoconvex. This means that the cochains in CP(U,F) are

(ftable, hence from the exact sequence

0— R,— Af . r—o0
: get the exact sequence

0— cp(u,RP) — cPW,AY — cPwWw,F)— o .
. in (All) we obtain the exact sequence

1P (U,AY) — wP(U,F)— HP+‘<u,RP)——+ P, Ay |

om (A12) it follows that the right and left hand terms are zero for p=1,

us
#P(U,F) = Hp+1(U,RP) )
om (A6) it follows that also'RP is a sheaf which is finitely generated by

t+](Ll,_G) = 0 for every
eaf G finitely generated by polynomial vectors, it follows that Ht(U,H)==0

lynomial vectors. Thus if we have shown that H

r every sheaf H finitely generated by polynomial vectors, t > p, in partic—

ar that’Hp(U,F) = 0. But HM(U,G) = 0, hence the theorem is proved. []

The above proof is based on the fact that when F is a sheaf which is
nitely generated by sections hl""’hq’ then also R(h],...,hq) is a sheaf
th this property. For that reason we had to require that the vector hk
nsists of polynomials (see (A6)). In the general case, F is just a coherent
alytic sheaf. Then it follows from Cartan's theorem A (see footnote on
ge 95) and the Heine-Borel theorem that F is finitely generated by sections
,...,hq e T(2,F) in the interior Q' of any compact subset of Q. Let U'

the covering of Q' consisting of the sets Ui =U; nQ. Since F is coherent,
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the sheaf R(h ,...,h ) is finitely generated in Q' by sections over (,
he above shows that HP(U' F) = 0 for p 2 1, For the passage from U' to
parts (a) and (b) of the proof of theorem 7.4.3. in [7].

Ne still have to prove that (A8) is exact. Briefly we can say that by
ition all cochains are locally liftable and that by theorem Al4 locally
ble cochains are globally liftable in 2, when Q is pseudoconvex. Let
vestigate this statement more precisely.

de assume that either  is an open pseudoconvex set whose closure is

>t in the open pseudoconvex setQ'and that F is a coherent analytic

on ', or that Q is an open pseudoconvex set and that F is a coherent

cic sheaf on Q such that F is generated in any point of Q by finitely

sections HJ, j=1,...,q9, over 9, such that R is generated in any
by finitely many sections S{ = (S%],...,qu), j = 1,...,r, over
» such that RS is generated by finitely many sections SJ =
T
‘,..., j m—l), = ,...,rm, over Q, m = 2,3,... . For example, when F

1erated by polynomial vectors, we deal with the last case. In both
we can find for any zJ € 2, any m and any f e T(Q,F), (c )y . € (Rsk)z s
v lyeee,m=1, SO = H, an open neighborhood wJ of zj in Q, such that in

y1lowing sequence

m rm m m rm—l Sm—l m rl S]
A(wj) —_— A(wj) —_ . . . > Alw.) ————

q
AW —E T, F)
J J
K r,
relongs to the image of H and ¢ ¢ A(w ) belongs to the hnage(lfsk+l for
l,...,m—1 (r0 = q). wJ depends moreover on f and cl, k=0,...,m1 and

clear that the above property also holds with Wy replaced by an open
+1 m u(k) _ {wk

m m . .
- of wy, hence w, "~ < w,. Now | z. € @} is an open covering

mnd U is an open refinement of U(k) when % > k; we denote the
ction map from Cp(U(k),G) into CP(U(Q),G) induced by the map from U(Q)

{(k) by P g (G is any sheaf on Q).
H

1 (©

«ctually we will show that there is an open refinement V of such
n the exact sequence (All) f is liftable and that & maps f onto a
dary of B](V,RH), that is &6 °f = 0, so that H is surjective. The proof

fact the same as that of theorem Al4, only we develop the sequence




\l1) explicitely using (A10). .

Let f € T(Q,F), then f = Hg? in ? for some g? € A(w?) O, and we reg
as a cocycle in CO(u(O),F). The set gO = {gj | z 2, e N} determlnes a coch

r
1 CO(U(O) A0y, Let 0= dgo, then HeC = sugl = sf = 0, hence 0 is a
>eycle in C (U(O) R ) (in fact c0 = &*f by (AlO) and (A5) with P = H).
:cording to (Al3) there 1s a g] e C (U(]) A 1) with PO, lco =S g . Let

| Gg], then S c] = §S g = p0 ] O = 0, hence cl € CZ(U(I) RS ) (in fa

1
=& pO 1© by (A10) and (A6) with P = H and Q = Sl)

Generally we find cochains gk e C (U(k) A k) and cocycles

Ck - (Sgk € Ck+1(u(k)’Rs )’ k'= O’]’...,m s
k
k _ k _ k-1 _
nce Skc = SSkg = pk_]’k6c = 0, so that
k k+1
pk’k+lc = Sk+1g ’ k =0,1,.00,m=1 ,

the next section we show that any open covering of ? has a refinement
nsisting of pseudoconvex open sets such that the intersection of more

an M of these sets is empty. Let m = M-1 and let V be such a refinement

U(m); we denote the restriction map from Cp(U(k),G) into Cp(V G) by CHp

L 0 ]), so certainly we may write p cM—] = 6cM !

M-1 with

Now c

T CM—I(V,RS 1). Assume that for k < M-I

0 ck = Gék, ék € Ck(V,R ) .
k S
k
t gk = pkgk—ék, then sgk = kck—pkck = 0. Since Q is pseudoconvex, by
12) there is a cochain fk_] € Ck—](V A k) with g k 1. Then we defin
-1 k-1 k-1
= Skf , so that & € (V’RSk_]) and
k=1 k=1 _ o .k _ k_o ok _ k=1 _ k-1
08 = SOE =58 = oS S8 =00y Pr-1¢

The Hilbert syzygy theorem says that Rsn= 0, hence c" = 0, see [6]
IV.C.th.4. So, neither here nor in theorem Al4 we have to require that
more than M sets of the covering have empty intersection. However, the
Hilbert syzygy theorem is not proved here.
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this holds for all k, in particular for k = O:

B L S cO(V,RH)

is poco is a coboundary, thus 6*p0f = 0). Hence we have

_ 0_.0 . a ]
f = H(gk cj) in Vj e V, k pO(J)

_ 0_,0 . _ .
f H(gz ﬁi) in Vi e V, 2 = po(l),

.0 _ ,0_,0 _ 0 = o0_.0
(827, = 8,8, = (pge ) (887)yy = 8,78,

s
_ .0_.0

8y cJ = g,¢. in Vj n V1 .

there is a holomorphic vector function g € A@)Y with £ = Hg in Q,

y for all j

0 0 in V. e V.

g =g .\—C.
pe3) 73 ]

50 we have solved the main problem of this appendix:

iM Al5. When Q is pseudoconvex, the following sequence is exact

0— I(2,R,) — r@,AY 2 r,F)— o.

Ve have proved theorem All too, so that the sequence (Al13) is exact for
>en pseudoconvex set w?. In the general case when F is not generated by
omial vectors, theorem A of CARTAN (see footnote on page 95) and con-
1itly theorem B, as we have shown, follow from the next result due to

U ([7] th.7.2.1.(i1)):

be pseudoconvex and K a compact subset of Q with K = ﬁQ (see (Al))

ot h],...,hq be sections over a neighborhood of K of a coherent analytic

F on a neighborhood of K, which generate F there. If f is an arbitrary




)0

iction of F over a neighborhood of K, then there are gl,...,g analytic
q

. @ neighborhood of K so that f = §=1 hk 8y there.

In section 7 we give a quantitative version of theorems Al4 and Al5,

len H is a polynomial matrix. For that purpose we need a quantitative

rsion of the above semilocal result. This is the following modification
th.7.6.5 in [7], which is actually proved there (or th.III 3.4.(3) wher

q = 1 and the general case is contained in th.III 3.6 in [3]):

EOREM Al6. For any polynomial matrix P, there is an integer t > 1
at for any neighborhood w of 0 and every u e A(tw+z)9,
Ve A(w+z)q with Pv = Pu and

s such

n .
z e C, there is

14) sup |v(w)| < ¢ (1+zD)Y  sup  P(w) u(w)| |
wew+z we tw+z
2re C is a constant depending on P and w (the smaller w the larger C) an
're N only depends on P. Here tw+z denotes {w | w = ti+z, e w}l and
. 2 _ vq 2
.W) I - k.=] le (W) I °
In section 7 we perform all the steps of the proofs in this section

in, then taking care of the bounds. The sets w+z. and tw+z. in theorem

. . . -1 . . .
in fact will be just the sets w? and w? » respectively, in a quanti-

ive semilocal version of (A13),

SPECIAL COVERINGS

In this section we show that any open covering of the open set 9 has a
inement that satisfies properties (A15)(i) and (ii) below. This is based
a theorem of dimension theory, th.3,82,Ch.7, p.278 [4]. Moreover, we
struct a special covering of Q with refinements satisfying some addition
perties needed in section 7. The essential idea for this construction ha
ady been used by WHITNEY in [17], whcih can be found in [8] too.

Let Q be an open set in R" and let 0 = {Oa}aeA be an open covering

2. Each point in Q has a bounded open neighborhood whose closure in R"

ontained in some open set Oa' Hence there exists an open refinement

) consisting of open sets whose closure is compact and contained in Q.
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: @ is paracompact, we can find a locally finite open refinement
'Vj}§=], where each ﬁj is compact and contained in Q@ (such a refinement
:cessarily countable, because Q@ is separable). According to [4] 7.2.th.3

'.3.th.13 V has an open shrinking W = {Wj}?= (which, therefore, is

locally finite and Wj cc Q), such that morelthan n+l distinct sets Wj
empty intersection (that is the order of W is at most n). Since 9 is
11, lemma 1 to th.3,81,Ch.5 [4] yields an open shrinking W' = {Wg}?=1
such that the closure with respect to © of each Wg is contained in
wut since Wj c Q, this yields W3 c wj for all j. Of course W' is a
ly finite open covering of order at most n.
For each j ﬁg is compact and contained in Wj and, therefore, we can
finitely many open convex sets U. ., k = 1,...,m. with U, c W. and
m. i,k J ik 73
Ukil Uj,k’ such that more than M' distinct sets Uj,k have empty inter-
on, where M' is a positive integer independent of j. For example, this
e done by covering W3 by sufficiently small closed hypercubes in W.
that the vertices form a rectangular lattice) and by taking sufficient-
1all convex open neighborhoods of these cubes. Then we get M' = 2n, but
also possible (by choosing sufficiently small convex open neighbor-
of some cubes and sufficiently large convex open sets contained in
ther cubes) to obtain M' = n+l,
Since each point in © has a neighborhood that intersects a finite
r of the sets Wj, this neighborhood also intersects a finite number of
ets Uj,k' Furthermore, each point in Q 1is contgined in at least one
3 and in at most n+l sets Wj, thus in at least ome azd atéﬁost
n+1)M' sets Uj,k' i=1, kgl
ly finite open refinement of 0 consisting of convex open sets, such

Therefore, the covering U = {Uj k} is a
b
more than M distinct sets of U have empty intersection.

. . n .
Since convex sets in € are pseudoconvex, we have obtained the

LARY. Let Q be an open set in € and let 0 be an open covering of .
there exists a locally finite open refinement U = {Ui}oio=1 of 0 with
roperties

(i) for every i Ui is pseudoconvex and Ui cc @,

(ii) there is an integer M such that more than M distinct sets

in U have empty intersection.




Now we construct coverings of @ that satisfy some additional properties.

t Q be an open set in C" and let {Qk}:=l be an increasing sequence of open

bsets with union Q and with

Vk, e =¢e(k): Qk(e) c Qk+]

ere Qk(e) is the e-neighborhood of Qk.
Choose positive integers m with Moy > M such that a cube with side

e is contained in the ball with radius e(k), for k = 1,2,... and let

= 1. Divide €™ into a collection U' of closed cubes with side 1 (such

it the vertices form a rectangular lattice) and select those cubes con—

ined in Ql. Call the collection of these cubes Ué. Divide the remaining

>es and parts of cubes of U' into a collection of cubes with side l/m]

1 let U; be the collection of those cubes that are contained in 2,.

1erally when we have defined sets Ué,...,UL_l of cubes, we define the set

of cubes obtained by dividing the remaining cubes and parts of cubes of

into a collection of cubes with side l/mk and by selecting those cubes

ai in Q .
i\t are contained in K+1

Then the union of Ué,U;,... covers 2, since Qk is covered by the union
Ué,U',...,Ué. For, a point x € Qk either belongs to one cube of Ué or

or Ui_], since these cubes are all contained %n Qk’ or it belongs to
le cube of U'k, since any cube with side l/mk containing x is contained
Qk+]' Hence any cube in Ué can intersect only cubes of Ué for & = k-1,
r k+1, Furthermore, the intersection of more than 22n distinct cubes is
ty.

Now we will define sufficiently small open neighborhoods of the cubes
Ué,U;,..., so that we get an open covering. Define the map a by mapping
ube K' ¢ Ui to the enlargement of the interior of K' by a factor

k/mk+1’ the center kept fixed. Then oK' = K is an open cube. Let for each
ﬁO) be the set Uéo) = {oK' | K' ¢ Ué} and let

0) _ (0)
U™ =Yg U

n U(O) is a covering of 9 that satisfies besides properties (Al15)(i) and

) the following properties for A = 0




103

(iii) all the sets in the covering U(A) intersecting Qk have a minimum

size and are contained in Qﬁ(k) with (k) = k+3;

. . A . . .
(iv) when a set in U( ) intersects {), it intersects not more than

A) .
Nék) elements of the covering Uéx), where Né ) 1s some number

depending only on k.,

roof follows from the fact that two cubes Kj and Ki in U(O) have a

mpty intersection if and only if u_lKj = Ké intersects a_lKi = Ki. To

k’
Ki = f. Since cubes in U; can intersect cubes in Ué only when q = p-1

. this, assume that K} e U’ Ki € Ué, £ > k, thus 2=k = m>0 and that

b

p+l, the distance between K} and Ki is at least

1 + 1 v ... 1 1

M+l Mg+2 ! M +m-1 - e+ 1

m=> 2, or

1

M+

m equals zero or one. The distance from the boundary of Kj to K} is

finition of «

1 e 1 1
i— (1 + )-—1 =
M Merr M 2mk+l

he distance from the boundary of Ki to Ki is 1/(2m

2+]), so that the

ace between Kj and Ki is at least

1 1 1 1 1 1

- -— > =
Merl 2Meer Mpamer M 2y 2mp

1, or

0

=
vV

1 1 1

Meel 2Py i 2m )

0

1]

o = 0. Only in this case the boundaries of Kj and Ki might touch each
, but since K. and K. are open, K. n K. = 0.
J 1 ] 1

low property (A15)(ii) follows from the same property for the cubes of




14

U(O) intersect Qk. If a_]K does not intersect

41 o K does not intersect the elements of Ué,.,.,UL, hence K does not
éo),...U£0), the union of which contains Qk. Thus

1 PU . . . . _
K intersects Qk+1’ hence o "K 1s contained in Qk+2’ so that K is con

.. . . -1 .
ined in Qk+3' Thus K has a minimum size, namely the size of o« K is at

),Ui,... . Let the cube K in

itersect the elements of U

ast 1/mk+2. Property (A15)(iv) follows from property (iii) and the same
operty for U',U',... .
0”1 : o)) () R

Finally we construct open refinements U of the covering U satis—
ing besides the properties (A15) (1) ,(i1),(iii) and (iv) the following
operties

(A+1) . . \)

15)(v) for each ) U is a refinement of U and moreover each open

cube K§A) € U(A) enlarged 2)\—u times with the center kept fixed is

contained in some K§U) € U(U) for every u = 0,1,...,\-1; we denote
u

the map p between the index sets of U(A) and U(U) with p(i) = iu

by CPE

3
(vi) when K§A) € U(A) intersects Qk’ there are at most M (k) indices

)\,]J
i W’I‘Ih 6] l. = i P = 1 500 M k 8] > >\ °
1 )\ ( :) H] - H )\ Ll( ) ( )

Eventually by taking larger integers m , we may assume that each mo=
Yk+1 My for some integer Prsi 22, k=20,1,... . Let méo) =m and let

S ) o) _ (A-1) MW, (-1,
(A)—_% o for » = 1,2,,.., then m, 2pk+Amk and m, 2 +] 3
. ) , k=0,1,..., will be the length of the sides of the closed cubes

covering U(A) is constructed from similarly to the construction of U(O).

rely, let K; be a closed cube with side (méx))—l, then the enlargement

:h a factor (1+m£k)/mék)) of the interior of K! will be a cube K. of U(A)
+1 (0) ) A A
in the construction of U'"/, Then U satisfies the same properties on

)). So, let us assume that the coverings U(O) U(A_]) with the desired

'perties have been constructed in the same way as U(O) have been construct-

90060y

from closed cubes.

A—l))—]

We divide the closed cubes K'_], with side (mé €

A
‘A D are constructed from into (2pk+x) n closed cubes K' with side
A -1
)

A
e

is defined as the set of open cubes K

, the sets KA—]

and the covering ) being
enlargement of the interior of the cubes Ki by the above factor,

O,1,... . Then the difference of two times half the side of KA and half

side of Ki satisfies
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2[%(1 +1nik)> __l__] ] 1 1

[COY/ NN R CO N ¢ B CE DR

M+ My e e Met+1

:» the right hand side equals the distance from the boundary of K

to
A—1
according to (Al16). Hence two times KA’ with the center kept fixed, is
lined in KA—I’ so that property (A15)(v) follows. Furthermore, Ki—l
. 2n 1 2n

lins (2pk+A) cubes KA’ hence pk—l,k maps not more than (2pk+x) sets
tto the same KA—]' From this and from property (A15)(iii) the above

xty (A15) (vi) follows.

K. Although we use property (A15)(iv) in section 7, this could be
ed. However, the coverings U(A) satisfy (A15)(iv) anyhow.

ULLSTELLENSATZ AND FUNDAMENTAL PRINCIPLE

In this section we discuss Hilbert's Nullstellensatz, Ehrenpreis'
alization and fundamental principle.
Consider an ideal I; in Az generated by the germs (h])z,...,(hq)z at z

nctions hl”"’hq holomorphic in some neighborhood U of z. We define
et

V= {w | hl(w)=0,..., hq(w)=0, we U}

et Vz be the equivalence class of V under the equivalence relation

if there is a neighborhood w of z with Vnw = Wnw. V 1is called the
at z of V. It is clear, that the ideal I; is not trivial only if

= te. = hq(z) = 0. When fz € I; we denote by f a holomorphic function
reighborhood of z such that fz is the germ of f at z. Then for any

Ié, z € V, there is a neighborhood w of z with
f(w) =0, we Vnuw.

csely, let us consider the ideal Iz in Az of all the germs at z of

rphic functions vanishing on Vz, that is

Iz = {fz | there is a neighborhood w of z and f ¢ A(w) with
f(w) =0 for we Vn wl.




is clear that Iz is an ideal and that I; c IZ.
Hilbert's Nullstellensatz says that, if fz € Iz, there is a positive

‘eger m with £ ¢ I' or
z z
I =rad I' = {f_ | £% ¢ I' for some m depending on f },
z z z z z z

[6] II.E.th.20. Obviously, when I; is a prime ideal this yields
] ITI1.A.7)

v
8) Iz =1 ,

. . _ vq .
t is, fz € Iz can be written as f(w) Xk=] gk(w) hk(w) for w in some
ghborhood w of z and for some 8, € A(w), k=1,...,q.

EHRENPREIS has generalized this result in the following way (see [3]
pter II): let the functions hl""’hq be polynomials, let for example

ah]
3z, (&) =0
1
course, also hl(z) ces = hq(z) = 0) and let V; be the germ at z of
oh

V' o= {w | EEL(W) =0, w e Ul}.
1

1 we require that fz € Iz moreover satisfies in some neighborhood w of z

of

Bz]

(w) = 0, weV'nuw

let Wz be defined as (VZ,V;), where this should be understood in the
.owing way: a function f holomorphic in a neighborhood w of z vanishes
s if f vanishes on V n w and Bf/az] vanishes V' n w,

The same can be done for higher order derivatives and the other poly-
.als hk' The characterization of wz is not immediately clear from the
momials h],...,hq (see example 4,II.2 in [3]). Anyhow, WZ can be defined
juch a way that, if Tz is the ideal in Az of germs of functions vanishing
,z’ we always have (A18), that is Iz is the ideal in Az generated by

Z,...,(hq)z (th.II 2.4 of [3]).
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Vz in the Nullstellensatz is called the germ at z of a variety and

1 Ehrenpreis' formulation is called the germ at z of a multiplicity
2ty. In case of modules in Az instead of ideals, it is possible to

Ti p germs (wl)z""’(wp)z of multiplicity varieties and so we get the
WZ = ((wl)z,...,(wp)z) of a vector multiplicity variety. This can be
in such a way, that the analogue of (A18) holds, namely (th.II 2.6 of

REM Al7. Let ij be polynomials, ] lyeeesp, k= 1,.0.,9. Then it s

:ble for each z to define the germ ﬁz at z of a vector multiplicity
ity, such that each p-tuple of functions fj’ j = 1l,.ee.,p, holomorphic

. . > .
neighborhood of z, whose germ at z vanishes on WZ, can be written as

fJ(W) = kzl ij(W) gk(w)’ J = 13--'sp

7 in some neighborhood w of z and for some functions g, © A(w),

lyeoosqe

Next we consider a sheaf I' of ideals generated in each point of an

pseudoconvex set Q by polynomials hl""’hq’ thus p = 1. Their simul-
yus zero-set defines a variety V = ng Vz in @ (at points z where some
1 # 0 VZ is empty). Similarly we can define a multiplicity variety W
(see [3]). We will consider sheafs of functions on V; the same can be

for a multiplicity variety W. Let I be the sheaf on Q

I= U1 ,

zZeQ "z

) Iz is defined by (A17); note that Iz = Az when z ¢ Q\V. We can define
:af F on @ by

Fz = Az//I R z € Q,
z

is the following sequence is exact

0— I— A— F— 0.




r z e Q\V Iz = Az’ thus Fz = 0. Thus F is only non-trivial in points

V, so we consider the restriction F' to V

P o= ng Fz
ich is a sheaf on V. In accordance with the footnote on page 85 we can
zard F' as the sheaf of germs of analytic functions on V. A section f
I'(V,F') is a holomorphic function in V; regarded as a section f1 in
2,F) we would have f](z) = f(z) for z ¢ V and f](z) = 0 for z ¢ Q\V. So,
may just as well consider the sections in T'(Q,F) as the holomorphic
1ctions in V. In case I; is a prime ideal for all z € Q, (A18) holds and
: sheaf T is finitely generated by polynomials. This also holds when we
1sider a sheaf of ideals on a multiplicity variety. Hence theorem Al4 ma
applied. Also, generally for any sheaf I of ideals Cartan's theorem B m
applied, since I is coherent ([6] IV,D.2). However, in the case occurri:
this paper I; is prime for all z ¢ Q. Hence in the same way as theorem

» was obtained from Cartan's theorem B we here get
0— T(Q,I)— T (Q,A)— T(Q,F) — 0,
that

9) A(Q) = T(Q,F) = T(V,F") .
rQ,I)

s any function holomorphic in V is the restriction of a function in
) and in case (A18) holds any function f in A(Q) that vanishes on V can
written as f(z) = Z§=] hk(z) gk(z), z € Q for some 8, € A(Q). In this
er we will derive a quantitative version of (A19) for a special variety’
When Q = mn, when I' is an ideal generated by polynomials and when W
its associated multiplicity variety (thus (A18) holds), the isomorphism
9) with V replaced by W and with bounds (that is all the occurring
ctions satisfy moreover certain estimates at infinity) is Ehrenpreis’
damental principle (theorem IV 4.1 in [3]; a survey of this theorem and

proof can be found in [1] IV). The fundamental principle holds for
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